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^ ■ Abstract: Some years ago, V. Markovic proved that there is no section of the Mapping Class 

Group for a closed surface of genus 5 > 6 (in the case of homeomorphims) and more recently 
generalized this result with D. Saric to the case where g > 2. We will state a periodicity criterion 
and will use it to simplify some of the arguments given by Markovic and Saric in the proof of 
their theorem. The periodicity criterion tells us that a homeomorphism of a connected surface 
must be periodic if the set of connected periodic open sets generates the topology of the surface. 
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^ ■ 0. Introduction 

(N 

■ If M is an orientable closed surface, denote by Homeo+(M) the group of orientation preserv- 

ing homeomorphisms of M. For every / S Homeo+(M) write [/] for the isotopy class of /. The 
set of isotopy classes of orientation preserving homeomorphisms, denoted by MCG(M), inherits 
a natural group structure such that the projection 

5^ ■ V : Homeo+(M) ^ MCG(M) 

/ ^ [/] 

is a morphism, it is called the Mapping Class Group of M. In the case where M is the 2-sphere, the 
Mapping Class Group is trivial; in the case where M is the 2-torus, it is isomorphic to SL(2, Z). 
More precisely, in this last case every isotopy class contains a unique linear automorphism and 
such an automorphism is naturally defined by an element of SL(2, Z). In the case where M is 
the 2-torus, the map that assigns to each isotopy class the automorphism that it contains, is a 
section of V in the following sense: it is a morphism 

£ : MCG(M) ^ Homeo+(M) 

such that 

V o£ = IdMCG(Af ) • 
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A natural question, set by Thurston, and that can be found in Kirby's hst of problems |Kir| 
is whether such a section exists in the case where the genus of M is larger than 1. The same 
problem can be set in a smoother category. In 1987, S. Morita [Mori] , |Mor2j proved that such 
a section does not exist for diffeomorphisms of class C^, provided that 5 > 5. In 2007, V. 
Markovic [Mark] proved that such a section does not exist for homeomorphisms, provided that 
(7 > 6, and extended this result to the general case 51 > 2 in a recent paper with D. Saric [MarkS] . 
Summarizing, one gets: 

Theorem A: If M is an orientable closed surface of genus g>2, there is no morphism 

8 : MCG(M) ^ Homeo+(M) 

such that 

V o£ = IdMCG(M)- 



After Markovic's paper, alternative proofs appeared. A proof by J. Franks and M. Handel 
[FrHalj in the category working for g > 3 and a proof by S. Cantat and D. Cerveau [CanCej 
in the real analytic category working for g >2. Smoothness is essential in Morita's and Cantat- 
Cerveau's proofs. Cantat and Cerveau deduced their theorem from the following fact: if F is a 
real analytic surface diffeomorphism with positive entropy, the group generated by F has finite 
index in the real analytic centralizer of F. They make use of the classical result of Katok about 
existence of homoclinic intersections for C^"*"" diffeomorphisms. Franks-Handel's proof has a 
more topological flavour: it is a consequence of a topological fixed point theorem obtained by 
Caratheodory's prime end theory but eventually requires the differentiability because it makes 
use of Thurston's Stability Theorem. By requiring only topological arguments, the proof given 
m [Mark] is a real "tour de force". Let us conclude this brief review with two remarks. 

- The proofs given in [CanCe] . [FrHalj . [Mark] . [MarkSj share a common idea: looking at 
the centralizer of a homeomorphism (or diffeomorphism) that is isotopic to a "local Anosov 
homeomorphism" (a homeomorphism that "coincides" with a hyperbolic torus automorphism 
on a punctured torus and with the identity outside). 

- In contrast with Markovic's, Markovic-Saric's and Franks-Handel's proofs, Morita's and 
Cantat-Cerveau's proofs extend to finite index subgroups of MCG(M) and the question is still 
open in the and category whether every finite index subgroup of MCG(M) admits a 
section. 

Now, let us summarize the main ideas of jMark] and [MarkSj (the precise definitions of the 
mathematical objects will be given later). The proof is by contradiction, one supposes that there 
exists a section £ : MCG(M) — >■ Homeo+(M) and wants to find a contradiction. 

Let us begin with some simple observations. If F and G are orientation preserving homeo- 
morphisms with disjoint supports, then F and G commute, which implies that the classes [F] 
and [G] commute and therefore that the homeomorphisms f ([-F]) and i£^([G']) also commute. 
Note also that if F has order q, then £^([-F]) has order q. 

Dehn twists play an essential role in the proofs. If /? is a simple closed curve non homotopic 
to zero, one can define a Dehn twist F^ supported in an annular neighborhood Aj^ of /?. The 
isotopy class [Fg] depends only on the free homotopic class of (3 and one can define Fp = £{[F^]). 
If /3 and /?' are two disjoint simple closed curves, the annular neighborhoods can be chosen to 
be disjoint, which implies that Fjj and Fp' commute. Suppose now that (3 and /3' have a unique 
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point of intersection and that the intersection is transverse. In that case, the Artin relations can 
be written: 

[Fl][Fp][Fl\ = [F$,][Fl][Fp] 

which imphes that 

Fp o Fpi o Fp = Fpi o Fp o Fpi . 

The fundamental idea of Markovic is to show that the dynamics of each Fg is so "close" to the 
dynamics of Fg that the previous relations cannot be satisfied, at least for every couple {Fp,Fpi) 
(we will conclude this introduction by proving that there is no section that sends the isotopy 
classes of Dehn twists onto Dehn twists) . The word "close" in the previous sentence means that 
there exists an invariant open set Up isotopic to M \ Ap such that the restriction of Fp to Up 
is a cellular extension of the identity map on Up. This means that it is a topological extension 
of the identity with cellular fibers (intersection of nested sequences of topological closed disks). 
By a classical result of Moore [Moo] , it is equivalent to say that there exists a semi-continuous 
decomposition of Up by invariant cellular sets. Moreover, the set Up and the decomposition are 
canonical in the following sense: for every homeomorphism F E \m[8), one has F{Up) = Up(^p-^ 
and F sends fibers of the first extension onto fibers of the second extension. The contradiction 
obtained by Markovic in the case where 5 > 6 makes use of the many symmetries that occur, the 
contradiction obtained by Markovic and Saric in the general case arises from a different relation 
that we will explain now in the case where g is even (the odd case being slightly different). 

One can find a family {f3j)-g<j<g of simple closed curves such that: 

- /3o separates M in two homeomorphic one punctured surfaces of genus g/2; 

- the /3j, j < 0, are included in one of the connected component of M \ /3o, and the f3j, j > 0, 
are included in the other one; 

- there exists an involution /* G Homeo -|-(M) that fixes /3o, that permutes the two connected 
components of M, and that permutes (3j and /3_j; 

- if \j — j'\ > 1, then /3j are /3ji disjoint; 

- if j, j' are different from and if = 1, then f3j and /3jf have a unique point of intersection 
and the intersection is transverse. 

One deduces that 

- / = £"(/*) is an involution; 

- / conjugates Fp. to Fp_.; 

- Fp^ commutes with every Fp^ ; 

- Fp- and Fp^ commute if \j — j' | > 1 . 

The contradiction will follow from the equality 

{Fp, 0...0 Fp^f3+2 ^ p^^ ^ ^p^_^ , . . . , Fp_fa+\ 
which is a consequence of the following Artin type relation (see Farb-Margalit [FaMarg] ): 
iWl] . . . Wl]?^^' = [F*p^] = {[F*p_,] . . . [F*pjf^+\ 

Let us explain now how Markovic constructs this set Up on which Fp is a cellular extension of 
the identity. Let us begin with a simpler situation. Consider an orientation preserving hyperbolic 
automorphism L of the torus = R^/Z^ with exactly one fixed point. It is a classical fact, 
consequence of the well known Shadowing Lemma (see Franks [E]); that the centralizer of L in 
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Homeo+(T^) is the cyclic group generated by L. In particular, every homeomorphism F isotopic 
to the identity that commutes with L is trivial. Another classical consequence of the Shadowing 
Lemma, is the fact that every homeomorphism G of isotopic to L is an extension of L and 
that the semi-conjucacy H is uniquely defined if homotopic to the identity (see Franks |Fr j ) . 
It is not difficult to show that the fibers of H are acyclic (which means that their connected 
components are cellular). Suppose now that F is a homeomorphism isotopic to the identity that 
commutes with G. By uniqueness of H, it is easy to see that each fiber is invariant by F. What 
is much more surprising and is proven in |Markj is that every connected component of a fiber 
is also invariant. The decomposition in connected components of fibers of H is an upper semi- 
continuous decomposition in cellular sets, which implies that is a cellular extension of the 
identity. Such results can be generalized to the case where L is a local Anosov homeomorphism 
of M. More precisely, suppose that M = A^Uj4uT can be decomposed in three invariant surfaces 
with boundary (with disjoint interiors) such that: 

- r is a one punctured compact torus and L\t is conjugate to an orientation preserving hyper- 
bolic automorphism of with one fixed point, when one blows up this fixed point; 

- iV is a compact one punctured surface of genus g — 1 and L fixes every point of iV; 

- A is an annulus and L\a is isotopic to the identity relative to the set of fixed points that lie 
on the boundary. 

Suppose now that G is isotopic to L and that F commutes with G and is isotopic to a homeomor- 
phism that fixes every point of T. Then there exists an invariant open set U which "contains" 
the homology of T and an upper semi-continuous decomposition of U by F-invariant acyclic 
sets. 

It remains to observe that for every simple closed curve /3 non homotopic to zero and for 
every compact one punctured torus T C M \ Ap, there exists a local Anosov homeomorphism 
L* supported on T. As it commutes with F^, one deduces that £{L*) commutes with Fp. 
Consequently, there exists an open set U which contains the homology of T and an upper semi- 
continuous decomposition of U by F^-invariant acyclic sets. The choice of another torus T' gives 
us another open set U' . It remains to prove that the "intersection" of two such decompositions 
defined respectively on U and U' defines an upper semi-continuous decomposition by invariant 
acyclic sets on UUU' , that one can construct in that way an upper semi-continuous decomposition 
by invariant acyclic sets on an open set isotopic to M \ ^^3, to prove that such a decomposition 
can be constructed to be canonical and finally to prove the surprising fact that the decomposition 
induced by taking connected components is also invariant. 

The two articles [Mark] and [MarkS| are not easy to read. The ideas are wonderful but the 
proofs are tough and there is sometimes a lack of precision both in the statements and in the 
proofs (for example Lemma 2.1 of [Mark] is untrue stated at it is, which does not help the reader 
to understand the arguments of Markovic in his study of upper semi-continuous decompositions 
of surfaces). The goal of this work was to re- write the proof of both papers, to get a more 
precise version. Indeed, as it is said above, one does not know if the lifting problem can be 
generalized to finite index subgroups and we hope that our effort could help. Of course, there 
would have been no interest in following too closely the original articles and we have tried to 
give more conceptual arguments (at least we hope!). It appears that this can be done by using a 
periodicity theorem (Theorem B below) that does not appear in [Mark] and [MarkSj . To write 
an article as self-contained as possible we have added some proofs of more classical results. 

Let us explain now the plan of the article. 
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In Section 1, we will state the following periodicity criterion, whose proof needs Brouwer's 
Lemma on Translation Arcs (a result about homeomorphisms of the plane). A natural question 
is whether this result can be extended to higher dimension. 

Theorem B: A homeomorphism of a connected surface M is periodic if and only if the set of 
periodic connected open sets generates the topology of M . 

In section 2 we recall the definition of an upper semi-continuous decomposition. After stating 
classical results about such decompositions in the most general framework, we will introduce local 
upper semi- continuous decompositions in the case of a locally compact Hausdorff space, with their 
domain. We will also define the intersection of local upper semi-continuous decompositions. After 
that, we will focus on decompositions of surfaces and will introduce essential, acyclic, and cellular 
decompositions. Cellular decompositions are local decompositions whose elements are cellular 
sets; acyclic decompositions are local decompositions whose elements have cellular connected 
components (we do not follow the terminology given in [Mark] ) : essential decompositions are 
local decompositions such that no connected component of the domain is included in a disk of 
M. Moreover if F is a homeomorphism of a surface, we will introduce invariant decompositions 
which are local upper semi-continuous decompositions whose elements are invariant by F. A 
fact, easy to prove but fundamental, is that the intersection of essential acyclic decompositions 
is still acyclic (in opposition to non essential acyclic decompositions !). This permits us to 
define the canonical invariant essential acyclic decomposition of a homeomorphism which is the 
intersection of all the invariant essential cellular decompositions and which is the finest among 
all such decompositions. A priori, there is no reason why something similar could be done for 
cellular decompositions because the intersection of a family of cellular sets is acyclic but not 
necessarily cellular. The surprising fact that such a canonical cellular decomposition exists is 
one of the key result of [Mark] (but it is not stated in the same words). Using Theorem B, we 
will give a prove of its existence: 

Theorem C: Let F he a homeomorphism of an oriented (not necessarily closed) surface M . 
The intersection of all the invariant essential cellular decompositions is itself an invariant essen- 
tial cellular decomposition, it is the finest among all such decompositions, we call it the canonical 
invariant essential cellular decomposition of F . 

For a given homeomorphism, the domain of the invariant essential acyclic (or cellular) de- 
composition is usually empty. However, as it is explained in [Mark] . its domain can be large if 
the centralizer is wide. The main result of Section 3 gives a precise meaning to this. The theorem 
below is proved in [Mark] . Instead of the topological arguments that are used in [Mark] we will 
apply in a more classical way the Shadowing Lemma for hyperbolic automorphisms of T^. 

Theorem D: Let M he an orientahle closed surface with no houndary, T C M a compact one 
punctured torus, T the 2-torus ohtained from M hy identifying M \ T to a point and P : M ^ T 
the natural projection. Let F be a homeomorphism of M such that: 

i) F is isotopic to a homeomorphism that fixes every point of T; 

ii) there exists a homeomorphism that commutes with F and is isotopic in M to a local Anosov 
homeomorphism supported on T. 

Then, there exists a connected component U of the domain of the canonical invariant essential 
acyclic decomposition of F such that the map P* : H^{T,Zi) H^(U,Z) is infective. 
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Finally, in section 4 we will give the proof of Theorem A. The proof is close in spirit to what 
is done in [MarkSj but is quite different and (we hope) simpler (for example there is no need to 
introduce pseudo-Anosov maps). The final argument is the following result (easy to prove) on 
homeomorphims of the circle: 

Proposition E: There is no family {^j)n<j<m! n < < m, of orientation preserving home- 
omorphisms of the circle such that: 

- each <I>j, j < 0, commutes with each ^ji, j' > 0; 

- <I>j has a fixed point if and only if j ^ 0; 

- one has <I>i o . . . o = <I)o = <I>_i o . . . o 

This proposition implies immediatly that there is no section £ of V that sends the isotopy 
classes of Dehn twists onto Dehn twists. Indeed, suppose that such a section exists and look at 
the case where the genus is even. We keep the notations / and Fj^. , —g < j < g, given at the 
beginning of the introduction. The set F of periodic points of period 2 of Ff^^ is a circle invariant 
by each Fp., —g < j < g, because F^. commutes with F^^. This circle F, being homotopic 
to /So, is not homotopic to if j / 0, and therefore is not contained in the support of F^^. 
Consequently, it contains a fixed point of -F^ .. Proposition E, applied to the restrictions of the 
F^^to F tells us that the condition 

cannot be satisfied. To use this argument in the general case, one must prove that the group 
generated by the F^^, —g < j < g, acts on a circle F in such a way that F^^. has a fixed point 
if and only if j ^ 0. This circle will be a prime end circle. More precisely we will construct a 
compact connected set X that satisfies the following properties: 

- X is invariant by / and by each F^- , —g < j < g; 

- the complement of X is the union of two one punctured surfaces V_, V+ of genus g/2 that are 
permuted by / and invariant by each Fjj. , —g < j < g; 

- li V- U is the prime end compactification of V-, then the rotation number of each map 
F^. j 7^ induced on the circle is + Z while the rotation number of Fp^^\v_ is 1/2 + Z. 

In all the article, a surface will be a Hausdorff topological surface without boundary; an open 
disk of a surface a set homeomorphic toD = {z€C \ \z\ <l};a closed disk a set homeomorphic 
to D = {z G C I |z| < 1}, an open annulus a set homeomorphic to R/Z x R, a closed annulus a 
set homeomorphic to R/Z x [0, 1]. If y is a subset of a topological space X, we will denote by 
X, Int(X) and Fr(X) the closure, the interior and the frontier respectively. 

Trying to understand the article of Markovic was the goal of a weekly workshop that took 
place in Paris in 2007-2008 as part of the project Symplexe (ANR-06-BLAN-0030-01). I would 
like to thank the participants of this workshop and particulary Prangois Beguin, Sorin Du- 
mitrescu and Frederic Le Roux for the fruitful discussions we had at that time. 

1. A periodicity criterion 

The main goal of this first section is to prove the following result : 
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Theorem 1.1: Let F he a homeomorphism of a connected surface M. Then the following as- 
sertions are equivalent: 

- the topology of M is generated by periodic connected open sets (P); 

- there exists q>l such that F'^ = Hm (Q)- 

The idea of the proof is to start with a homeomorphism F of a connected surface M, that 
satisfies (P)- Using finitely many elementary modifications (we will define the meaning later) we 
will construct an orientation preserving homeomorphism F' of the 2-sphere S'^ that has at least 
three fixed points and that satisfies (P). The main result of this section (Proposition 1.5) is that 
such a homeomorphism F' must coincide with the identity on S^. By definition of elementary 
modifications, this will immediatly imply that F is periodic. 

Let us begin with simple observations. Let F be a homeomorphism of a surface M that 
satisfies (P), then: 

- every iterate F^ of F, A; G Z, satisfies (P); 

- the restriction of F to any invariant open set satisfies (P); 

- every lift of F to a finite covering space of M satisfies (P). 

Denote by Vp the set of periodic connected open sets that are included in a closed disk of 
M. The following remarks are obvious: 

- each set F G is relatively compact; 

- the set Vp generates the topology of M; 

- the equality Vp = Vpk is true for every A; > 1; 

- if M is a covering space of M, then, for every V G Vp, the covering projection H : M — )■ M 
induces a homeomorphism between every connected component V of n^^(y) and V; 

- the set Vp of all open sets V constructed as above generates the topology of M. 



Preliminary results 

Proposition 1.2 : Let M be a connected surface, F a homeomorphism of M that satisfies (P) 
and F a lift of F to a connected covering space M of M. Then, the following alternative holds: 

- every set V G Vp is F-periodic, in this case F satisfies (P) and one has Vp C V^; 

- none of the sets V G Vp is F-periodic, in that case F has no periodic point. 

Proof. Denote by Wp the union of the sets V E Vp that are periodic and by W„ the union of 
the sets V EVp that are riot periodic. We get two open sets and we want_to prove that one of 
them is empty. The space M being connected, it is sufficient to prove that Wp does not intersect 
Wn- Equivalently, one must prove that every set V' G Vp that meets a periodic set V G Vp is 
itself periodic. Denote by V' the image of V in M by the covering projection. One can find an 
integer A; > 1 such that V is fixed by F^ and V fixed by F'^. If T is the deck transformation 
group, there are finitely many elements in the T-orbit of V' that meet V, because V and V' 
are relatively compact. The homeomorphism F'^ inducing a permutation on this finite set, one 
deduces that V is periodic. □ 

Proposition 1.3 : Let F be a homeomorphism of a surface M. If F satisfies (P), then the set 
of periodic points is dense. 
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Proof. An immediate consequence of the hypothesis is the fact that the natural action of F 
on the set of connected components of M has finite orbits. Thus, one can suppose that M is 
connected. Replacing M with the orientable two-folds covering space in the case where M is 
non orientable, one can suppose that M is orientable. Replacing F with F^ in the case where 
F reverses the orientation, one can suppose that F preserves the orientation. We want to prove 
that every open disk W C M contains a periodic point. Let us choose V G Vf such that V C W, 
and k > 1 such that F'^{V) = V. The connected component X of M \ that contains M \ is 
F'^-periodic. Indeed F^ acts naturally on the set of connected components of M\V and the F^'- 
orbit of X is finite because X has no empty interior and F^ satisfies (P). Replacing F with an 
iterate F^^ , k' > 1, one can suppose that both V and X are invariant by F. The set V = M\X, 
which is invariant by F, is the union of V and of the compact connected components of W\V: 
it is an open disk. To end the proof, we will prove that F\y' has a fixed point. The argument, 
originally due to Brown |Brow| . is frequently used in the dynamical study of homeomorphisms 
of surfaces. If F fixes every point of V , we are done, otherwise one can find a periodic connected 
open set V" C V such that F{V") nV" = 0. Denote by q the smallest positive integer such that 
f^iy") n V" ^ and fix x G V" PI F'''^[V"). One can find a homeomorphism h of V supported 
on V" that sends F'^[x) on x. The point x is a periodic point of /i o of period q. The 

well-known Brouwer's Lemma on Translation Arcs [Brou] tells us that ho F\yi has a fixed point 
in V . Observe now that this point is fixed by F because V" does not meet its image. □ 

Remark : Instead of Brouwer's Lemma, one can use Cartwright-Littlewood's Fixed Point 
Theorem [CarL] . Let us explain why, by keeping the notations of the previous proof. Replacing 
F by an iterate F"^ if necessary, one can suppose that the connected component U of M \ V 
that contains M \ is fixed by F. The set Y = M \ U \s compact, connected, included in W 
and invariant by F. Moreover VF \ y is connected. This implies that Y is cellular. Cartwright- 
Littlewood's Fixed Point Theorem asserts that F has a fixed point inside Y . 

Elementary modifications 

Let us introduce a last definition. Let F and F' be homeomorphisms of connected surfaces 
M and M' respectively. Say that F' is an elementary modification of F in any of the following 
cases: 

- F' = F^ is a positive iterate of F] 

- F' is a lift of F to a covering space of M; 

- F' is the restriction of F to the complement of a periodic orbit of F; 

- F is the restriction of F' to the complement of a periodic orbit of F' . 

Proposition 1.4 : Let F and F' be homeomorphisms of connected surfaces M and M' respec- 
tively. 

i) If F' is an elementary modification of F and if F satisfies (P), then F' satisfies (P) except 
if F' is a periodic point free lift of F to a covering space of M . 

ii) // F' is obtained from F after finitely many elementary modifications and if F' is periodic, 
then F itself is periodic. 

Proof. The assertion ii) is clear. If we want to prove i), the only case to consider which is not 
obvious, is the case where F is the restriction of F' to the complement of a periodic orbit O of 
F' . One must prove that every point z G O has a fundamental system of -F'-periodic connected 
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open neighborhoods. Denote by q the period of O and fix a neighborhood W of z that does not 
contain any other point of O. One must find a F'-periodic connected open neighborhood V oi z 
that is included in W. Consider a closed disk D CW whose interior contains z. By hypothesis, 
the boundary dD can be covered by a family (Vi)ig/ of periodic connected open sets included 
in M \ O and relatively compact in M \ O. By compactness of dD, one can suppose that / is 
finite. The set K = Uiej',A:GZ -^'^(^j) compact because there are finitely many F^{Vi) in the 
union and each of these sets is compact. More precisely, K is an invariant compact set included 
in M \ O and containing dD. The connected component V oi M\K that contains z is included 
in W and does not contain any other point of O because dD is included in K. One deduces that 
V is F'-periodic, of period q. □ 



Proof of the theorem 

Proposition 1.5 : Let F be an orientation preserving homeomorphism of the sphere S"^ that 
satisfies (P) and that has at least three fixed points. Then F is the identity. 

Proof. We will give a proof by contradiction and suppose that \ Fix(F) is not empty. We fix 
a connected component U of S'^ \ Fix(F). A result of Brown and Kister [BrowKis] asserts that 
U is invariant by F, which implies that we can find in [/ a path 7 that joins a point z to its 
image F{z). As the restriction F\i/ satisfies (P), one can cover 7 by a family (Viji^j of periodic 
connected open sets included in U and relatively compact in U. Here again, one can suppose 
that / is finite and minimal: there is no subfamily that covers 7. The set W = UiG/ fcez F'^iYi) 
is an invariant open set. It is relatively compact because each F''{Vi) is relatively compact and 
there are finitely many such sets in the union. It is connected because each F^{Vi) is connected 
and meets [jk^z-^^i'l) which is connected and included in W. The fact that Fix(F) is disjoint 
from W = Uie/ kez ^'^(^i) implies that there are finitely many connected components of S'^\W 
that contain a fixed point. Indeed Fix(F) is compact and covered by the connected components 
of S'^ \ W. Obviously, this implies that there are finitely many connected component of S'^ \ W 
that contain a fixed point. We will denote by X the set of such components. One may observe 
that every connected component of S'^ \ W is cellular, because W is connected, and that every 
such component which is fixed by F contains a fixed point according to Cartwright-Littlewood's 
Fixed Point Theorem |CarL) . Therefore, A" is the union of the connected components of S'^\W 
that are fixed by F (we will not use this fact in the proof of the proposition but it helps to 
understand the situation). 

The complement of [Jxex -'^ is a finite punctured sphere, invariant by F and fixed point 
free. Indeed, every fixed point of F belongs to a set X & X hy definition of X. Proposition 1.3 
tells us that the complement of [Jxex contains periodic points. One deduces, using Brouwer's 
Lemma on Translation Arcs, that the complement of [Jxex is not a disk: there are at least 
two punctures. 

Let us begin by the case where there are more than two punctures and explain why there is 
a contradiction. One can find a set X' <Z X such that ^l^ayy isotopic to the identity 

and which is maximal relative to this property. As one knows that every orientation preserving 
homeomorphism of a three punctured sphere is isotopic of the identity, one deduces that X' has 
at least three elements. Thus, the fundamental group of N = S"^ \ UxgA"' ^^^^ group 

with jjA" — 1 generators and its center is trivial. This implies that there exists a unique lift G 
of G = F\i^ to the universal covering space N that commutes with the deck transformations. 
The maximal property supposed on X' results in the fact that every set X ^ X \ X' \s lifted 
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to subsets of N that are not fixed by F. In other terms, G is fixed point free. According 
to Brouwer's Lemma on Translation Arcs, one deduces that G is periodic point free. As a 
consequence of Proposition 1.3 and Proposition 1.2, one deduces first that G does not satisfy 
(P) and then that there is no F G Vg which is G-periodic. Denote by T the deck transformation 
group and fix y G Vg- By definition, V lifts a F-periodic connected open set. Thus, there exists 
r G T \ {Mj^} and k > 1 such that G^{V) = t{V). According to Proposition 1.2, one deduces 
that the lift &oT~^ of G^ satisfies (P). Therefore, for every r' G T, there exists k' > 1 such that 
t'{V) = {& oT~^)^ The homeomorphism G commutes with the deck transformations, 

so we have : 

t'{V) = T-^' ot'o &^\v) = T-^' ot'o T^'{V), 

which means that t^' or' = r' o t^' . Recall that T is the free group with ^X' — 1 generators. One 
deduces that there exists a power of r' that commutes with every r G T, which is impossible. 

It remains to study the case where X' has two elements. We write X' = {Xi,X2]. In this 
case, N = iS'^\(XiUX2) is an annulus invariant by F that does not contain fixed points of F. Let 
us choose a fixed point zi G Xi and a fixed point Z2 G X2. Set M' = S'^\{zi,Z2}- Byjiypothesis, 
there exists a third fixed point Z3. The lift oi F\m' to the universal covering space M' that fixes 
the lifts of 2:3 satisfies (P), according to Proposition 1.2. Denote by 11 : M' — t- M' the covering 
projection. The annulus N being essential in M' , the set N = n~^(A'^) is the universal covering 
space of it is a topological plane. The restriction F'\~ of F' to N satisfies (P) because F' 

does. One deduces that ^'|j^ is not periodic point free by Proposition 1.3. But F'\~ is a lift of 

F|jv and F|jv is fixed point free. This implies that ^'|j^ is fixed point free. The contradiction 
comes from Brouwer's Lemma on Translation Arcs. □ 

Proof of Theorem 1.1. Let M be a connected surface and F a homeomorphism of M that satisfies 
(P). Using an elementary modification if necessary (replacing M with an orientable two folds 
covering space), one can suppose that M is orientable. Using another elementary modification 
if necessary (replacing F with F^), one can suppose that F preserves the orientation. 

In the case where M is the 2-sphere, one can use Proposition 1.3 and find an iterate F^ of F 
that has at least three fixed points. This map has been obtained after at most three elementary 
modifications and Proposition 1.5 tells us that it coincides with the identity. As a consequence, 
one deduces that our original map F is periodic. 

In the case where M is not the 2-sphere, one needs three more elementary modifications. A 
new elementary modification (replacing Fjwith an iterate F^) permits us to suppose that F has 
a fixed point denoted by z. Let us write M for the universal covering space of M and fix a lift 
z G M of z. There exists a lift F of F that fixes z. This lift satisfies (P) by Proposition 1.2. As 
we suppose that M is not the 2-sphere, wejknow that M is topologically a plane. The extension 
of F to the one point compactification of M gives us a homeomorphism of the 2-sphere and we 
know that it satisfies (P) because of Proposition 1.4. Taking a certain power of this extension, 
one gets a homeomorphism of the 2-sphere that satisfies (P), that has at least three fixed points, 
and that is obtained from our original transformation after at most six elementary modifications. 
□ 

Remarks about periodic homeomorphisms of surfaces 

Proposition 1.5 applied to periodic homeomorphims permits to get a proof of very classical 
results about such homeomorphisms. As we will use these results later, we recall them. 
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Proposition 1.6 : i) The fixed point set of a non trivial periodic orientation preserving home- 
omorphism of a connected orientable surface is discrete. 

ii) Two non trivial periodic orientation preserving homeomorphims of a closed connected 
orientable surface M of genus g > 2 that are isotopic and have the same period, have the same 
(finite) number of fixed points. 

Proof. Let us begin with the proof of i). Let F be a periodic orientation preserving homeo- 
morphism of a connected orientable surface M such that its fixed point set has an accumulation 
point z. If M is the 2-sphere, Proposition 1.5 tells us that F is trivial, because F satisfies (P). If 
M is not the 2-sphere, consider the universal covering space M of M and a lift z € M z. If F 
is the lift of F that fixes z, then z is an accumulation point of the set of fixed points of F. The 
extension of F to the one point compactification of M is a homeomorphism of the 2-sphere that 
satisfies (P) and has infinitely many fixed points. We conclude that F is trivial, which implies 
that F itself is trivial. 

Now, let us prove ii). We consider a closed connected orientable surface M and two non 
trivial periodic orientation preserving homeomorphims Fq and Fi of period q that are isotopic. 
We consider an isotopy / = (-Ft)tg[o,i] from Fq to Fi. The sets Fix(Fo) and Fix(Fi) are finite 
by assertion i). Let us write M for the universal covering space of M and T for the deck 
transformation group. Choose zq G Fix(Fo). Fix a lift zq £ M of zq and denote by Fq the lift 
of Fq that fixes zq. One deduces that Fq = Id^. The isotopy I may be lifted to an isotopy 

7 = (-Fi)te[o,i] starting from Fq. It defines a lift Fi of Fi. Of course, there exists ri € T such 
that F^ = Ti. Write : r i— )• Fj o r o F-"^ for the natural action of Fi on T. Of course, one has 
uq = ai because Fq and Fi are the ends of the lifted isotopy I. We deduce that = = Id-j-, 
which means that ri belongs to the center of T. But this center is trivial because the genus of 
M is larger than one. We deduce that F^ = Id. Consequently Fi has a unique fixed point zi. 
Replacing zq with t{zo) will change Fq into toFqot~^ and Fi into toFi ot~^. So it will change 
zi into t{zi). Thus, we have defined a natural map from the fixed point set of Fq to the fixed 
point set of Fi. Permuting and 1, one gets a map from the fixed point set of -Fi to the fixed 
point set of Fq which is reciprocal to the previous one. □ 

2. Acyclic and cellular decompositions of homeomorphisms of surfaces 

General facts about upper semi- continuous decompositions 

An upper semi- continuous decomposition of a topological space X is a partition X = Uie/ 
in compact subsets such that every Ki^ has a fundamental system of neighborhoods that are 
saturated open sets (which means union of Ki). Equivalently, it means that the saturation of a 
closed set Y, which is the union of the Ki that meet Y, is closed. In other terms, a partition 
X = Uig/ ill compact subsets is upper semi-continuous if the projection vr : X — t- / defined 
by X € -f^7r(a;)) a closed map, when / is munished with the quotient topology. We will write 
V = {Ki)i^j for such a decomposition, denote by T>{x) the set K^(^^-j and more generally by 'D{Y) 
the saturation of a set Y C X. Recall some properties that will be useful later (see Whyburn 
|W] for example) : 

Proposition 2.1 : LetT> = {Ki)i^i be an upper semi- continuous decomposition of a topological 
space X. 

i) // X is Hausdorff, then I is Hausdorff and vr is proper. 
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ii) // X is Hausdorff and locally compact, then I is Hausdorff and locally compact. 

iii) IfYcXis saturated, the restriction ofV to Y defines an upper semi-continuous decompo- 
sition ofY. 

Proof. Let us prove i). Suppose that i and i' are two distinct elements of /. The space X 
being Hausdorff, one can find two neighborhoods U and U' of Ki and Ki^ respectively that are 
disjoint. The decomposition D being upper semi-continuous, one can find two open saturated 
neighborhoods V and V of Ki and Ki/ respectively, such that V C U and V' C U'. They project 
onto disjoint open sets of / that contain i and i' respectively, because they are open, saturated 
and disjoint. Wc have proven that / is Hausdorff. To prove that vr is proper we consider a 
compact set I' C I and we want to prove that 7r~^(/') is compact. Let {Ua)a<=A be an open cover 
of 7r~^(I'). For every i G I', there exists a finite subcover {Ua)aeAi of K^. The decomposition 
being upper semi-continuous, one can find a saturated open set Vi C UaeAi that contains K^. 
We obtain an open cover (vr(I^))jg7/ of By hypothesis, /' is compact, so one can find a finite 
subcover {7^{Vi))i^pi of /'. Observe now that {Ua)aeAi,iei" * finite subcover of 7r~^(/'). We 
have proven that 7r^^(I') is compact. 

To prove ii) let us fix i G / and consider a neighborhood O of i £ I. We want to construct a 
compact neghborhood of i which is contained in O. The set 7r~^(0) is a neighborhood of Ki and 
X is Hausdorff and locally compact. This implies that there exists an open cover {Va)a€A of Ki 
by relatively compact saturated sets whose closure are all included in tt~^(0). There exists a 
finite subcover {Va)aeA' of Ki because Ki is compact. The compact set UaeA' projects onto 
a compact neighborhood of i that is included in O. 

The assertion iii) is obviously true. □ 

Proposition 2.2 : Let X and Y be two Hausdorff topological spaces and suppose moreover 
than Y is locally compact. If -k : X ^ Y is a surjective, proper and continuous map, then the 
decomposition (7r^^({y}))ygy in fibers of tt is upper semi-continuous. 

Proof. Fix a G Y and denote by {Oa)aeA the family of compact neighborhoods of a. By 
hypothesis every set 7r~^ (Oa) is compact. Moreover, one knows that 

aeA \aeA / 

One deduces that for every neighborhood U of 7r~^({a}), there exists a finite set A' C A such 
that 

fl Tr-^Oa) C U. 
aeA' 

Indeed one has 

n {n-\o^)nix\u))=$. 

aeA 

One gets a saturated open neighborhood of 7r~^({a}) that is contained in U by considering 
7T~^{0'), where O' is an open neighborhood of a that is incuded in PlaeA' Oa- ^ 

The next result is a particular case of Proposition 2.2 and we will not be surprised to get a 
proof very similar. 
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Proposition 2.3 : Let X he a locally compact H aus dor ff space and {V^)j^j a family of upper 
semi-continuous decompositions on X , where T)^ = [Kj)i^i^. Then the decomposition l\j^j'D^ = 
(i4r^)^gs is upper semi- continuous, where 

E=\^ = {zj)j^jelll„\f]Ki.y^A and K^=f]Kl. 
[ j&J jeJ ) jei 

We will call /\j^j'D^ = (K^)^gs the intersection of the family {V^)j^j. 

Proof. Observe first that each is compact. Fix ^ = {ij)jeJ £ ^-nd a neighborhood 
U of K^. We want to construct an open neighborhood W of that is included in U and 
Ajg J ^•'-saturated. By definition, one has f]j^j Ki^ = K^, which implies that there exists 
a finite family {jk)i<k<r such that r\i<k<r^ij^. ^ Consequently, one can write Ki.^ C 
U U (-'^ \ {r\2<k<r "^^^ space X being HausdorfF and locally compact, there exists a 

compact neighborhood Vi of Ki.^ such that Vi C U LI (^X \ ^n2<fc<r -^ij^.)) > which means 
that Vi n (r\2<k^iji,^ C U. A simple induction argument permits us to construct, for every 
k G {1, . . . , r}, a compact neighborhood Vk of Ki^^ such that ni<jt<r H <^ U. Each decompo- 
sition 1 < k < r, being upper semi-continuous, one can find, for every k £ {1, ■ ■ ■ ,r} a 
P-^*^ -saturated open neighborhood Wk of Ki.^ that is included in Vk- The set W = ni<jt<r 
is a AjeJ -saturated open neighborhood of that is included in U. □ 

Proposition 2.4 : Let X andY be two Hausdorff topological spaces, with Y locally compact, 
and TT : X ^ Y a surjective, proper and continuous map. If F is a homeomorphim of X 
that leaves vr invariant, which means that n o F = n, then every connected component of a 
fiber 7r~^({a}) has a fundamental system of neighborhoods that are open, connected, union of 
connected components of fibers, and F -periodic. 

Proof. Fix a connected component K of Ka = 7r~^({a}) and a neighborhood U of K. Denote 
by V the set of relatively compact open neighborhoods of a. For every O G V, write Wq for the 
connected component of tt~^{0) that contains K. The projection vr being proper, one knows 
that Wo is a relatively compact open neighborhood of K. Each set Wq is connected and one 
has WonO' C Wq n Wq'. Consequently, one knows that HogV is connected. This set, being 
included in 7r~"^({a}), coincides with K. In particular, there exists O G V such that Wq C U. 

It remains to prove that Wq is periodic. Observe that 7r~^({a}) is covered by finitely many 
connected components of 7r~^(0) and that F induces a permutation on this set. □ 

Corollary 2.5 : If V is an upper semi-continuous decomposition on a Hausdorff locally 
compact space X, then the decomposition in connected components of elements of T> is also 
upper semi-continuous. 

Proof. Write T> = {Ki)i^j. By Proposition 2.1, one knows that / is Hausdorff, locally compact 
and that tt : X — >■ / is surjective, proper and continuous. If one applies Proposition 2.4 to the 
identity map on X, one gets the corollary. □ 

We will say that an upper semi-continuous decomposition V = {Ki)i^i of a topological 

space is monotone if every Ki is connected. The previous result asserts that every upper semi- 
continuous decomposition V = {Ki)i^i on a locally compact topological space induces naturally 
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a monotone upper-semi continuous decomposition by taking the connected components of the 
Ki, we will called it the induced monotone decomposition. If it' : X ^ I' is the projection, then 
one can write n = l o it' where t : I' ^ I is induced by the inclusion: K- C Ki^i^^iy The map 
L is continuous because for every open set O of /, the set 7r~^(0) = 7r'^^(i^^(0)) is open in 
M, which means that i~^{0) is open in /'. The map l is proper because, for every compact set 
K C I, one can write t~^{K) = it' {tt'^ (K)) , which implies that l~^{K) is compact. 

Observe that if P = {Ki)i^j is a monotone upper semi-continuous decomposition on a 
topological space, then the inverse image of every connected set /' C I by the projection tt : X — ^ 
/ is connected. Indeed, if 6 : Tr~^{I') {0, 1} is a continuous map, it is constant on every set 
Ki, i G I', because such a set is connected. So, one can write ^ = 6 ott, where 6 : /' ^ {0, 1} is 
continuous. The fact that / is connected implies that is constant. In particular, the projection 
TT : X ^ I induces a bijection between the set of connected components of X and the set of 
connected components of I 

Upper semi-continuous decompositions and dynamics 

Let X be a Hausdorff locally compact space, F a homeomorphism of X and V = (Ki)i^j an 
upper semi-continuous decomposition of X. Let us say that F acts on V if there is a bijection 
ip -.1^1 such that F{Ki) = -f^<^(i) for every i E I. In that case, (f is a homeomorphism of the 
space / munished with the quotient topology, and the projection tt : X — )■ / is a factor map 
from F to ip. In the case where cp is the identity map, that means if every Ki is invariant by 
F, let us say that V is invariant (or F-invariant); in the case where V is invariant by a power 

of F, which means that t/?^ = Id/, let us say that V is periodic (or F -periodic). If F acts on 

V = {Ki)i^i, then F acts naturally on the induced monotone decomposition V = {Ki)i^j and 
the induced map ip' is an extension of p with z. as a factor map. Noting that the image by vr' of 
a connected set of X is a connected set of I' by continuity of tt', observe that Proposition 2.4 
implies immediatly the following result (and is equivalent to it in the case where X is locally 
compact) : 

Proposition 2.6 : Let X he a Hausdorff locally compact space, F a homeomorphism of X 
and T> an upper semi-continuous decomposition of X that is invariant by F. Let denote by 

V = {K'j)ii^p the induced monotone decomposition and by p' the induced map on I. Then every 
point i' G /' has a fundamental system of neighborhoods that are open, connected and F -periodic. 

Local decompositions 

Let X be a Hausdorff locally compact space and X the Alexandrov compactification of X. 
A local upper semi- continuous decomposition is a couple D = (U, {Ki)i^j), where U is an open 
subset U of X, called the domain of V, and U = Uie/ upper semi-continuous decomposition 

on U. By Proposition 2.1, one knows that / is Hausdorff and that the projection tt : U ^ I 
is continuous and proper. One deduces that the saturation 'D{K) = 'K~^{'!r{K)) of any compact 
set K of U is compact. Consequently, one gets an upper semi-continuous decomposition D of 
X, the augmented decomposition, by adding the compact set X \ U. 

Let us introduce another useful notion. We will say that V = {U' , {Kii)ii^ii) is finer than 
T> = {U, {Ki)i^i) ifU C U' and if every K^, i G /, is P'-saturated. If {D^)j^j is a family of local 
upper semi-continuous decompositions, where T>^ = (U^, {Kj)i^r), we will denote by l\j^j'D^ 
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the decomposition whose domain is [jj^jU^, defined as the restriction to [jj^jU^ of /\j^jT>i. 
It is finer than every decomposition , j € J. Here again, we cah it the intersection of the . 

If F is a homeomorphim of X, let us say that F acts on a local upper semi-continuous 
decomposition T> = {U, (-fCj)jg/) if U is invariant by F and if F\u acts on V. If the induced map 
if on I is the identity, we will say that T> is invariant; if it periodic, we will say that T> is periodic. 

Acyclic decompositions 

We will focus now on decompositions on surfaces. Until the end of the section, we mean by 
M an orientable surface without boundary, not necessarily compact, not necessarily connected. 
Let us introduce some definitions. 

Proposition 2.7 : Let U be a connected open set of a surface M. The following conditions 
are equivalent: 

i) U is included in an open disk of M or the connected component of M that contains U is the 
2-sphere; 

ii) every loop in U is homotopic to zero in M ; 

iii) every simple closed curve in U borders a disk in M . 

If these properties are not satified we will say that U is essential 

Proof. The fact that i) implies ii) and iii) is obvious. Let us prove that ii) implies i). Suppose 
that the connected component M' of M that contains U is not the 2-sphere. Write M' for 
its universal covering space and II : M' — > M' for the covering projection. Fix a connected 
component U of ]1^^{U). The assertion ii) tells us that U does not meet its images by the deck 
transformations and that II induces a homeomorphism between U and U. Let V be the union 
of U and of all the compact connected components of M' \ U. One gets an open disk that does 
not meet its images by the deck transformations and that projects into an open disk V that 
contains U. Let us prove now that iii) implies ii). Let F be a loop in U. One can find a connected 
compact surface with boundary N C U that contains F. Every boundary circle of N borders a 
disk in M. If this disk contains F we are done. So one can suppose that every boundary circle 
of borders a disk disjoint from the interior of N. Consequently M' is obtained from by 
pasting a disk on every boundary circle of A^. If iii) is satisfied, the only possibility is that M' 
is a 2-sphere, which implies ii). □ 

We will say that an open set U of M is essential if every connected component of U is 
essential. We will say that a compact set K C M is cellular if there exists a non increasing 
sequence of closed disks {Dn)n>o such that K = P|„>o-On- We will say that a compact set 
K C M is acyclic is every connected component of K is cellular. A classical result of plane 
topology tells us that if [/ C M is an open disk, then a compact set K C U is acyclic if and only 
ii U \ K is connected As a consequence, in the case where M is connected, a compact set K 
which is contained in an open disk U and such that M\K is connected is acyclic. Indeed, there 
is no connected component oi U \ K = U Ci {M \ K) that is relatively compact in K (it is an 
immediate consequence of a classical theorem of topology about connectedness, see for example 
Hocking- Young |HoYou| . Theorem 2-16). 

We will call essential decomposition every local upper semi-continuous decomposition whose 
domain is essential. We will call acyclic decomposition every local upper semi-continuous decom- 
position T> = {U, {Ki)i^j) such that all the Ki are acyclic. If all the Ki are cellular, we will say 
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that I? is a cellular decomposition. In other words a cellular decomposition is a monotone acyclic 
decomposition. In particular, the monotone decomposition induced by an acyclic decomposition 
is a cellular decomposition. 

Let us state one of the fundamental result of this section: 

Proposition 2.8 : // {T>^)j^j is a family of essential acyclic decompositions of M, then 
l\j^j'D^ is an essential acyclic decomposition. 

Proof. The fact that /\j^jT>^ is essential is obvious because its domain is the union of the 
domains of the . Let us prove that it is acyclic. Write = (U-^ , {Kj)i^jj^ and = 

(m, (Kf).^, where U = P U {00} and i^^ = M \ W. We must prove that every element 

K = f]j^ jKi^^ of the decomposition which is not f] jeJ ^oo^ is acyclic. That means 

that every connected component of K is cellular. Fix such a component X and write M' for the 
connected component of M that contains X. If ij ^ 00 write Xj^ for the connected component of 

Kf^ that contains X; if ij = 00 write Xf^ = M' \ Uj . Then consider the closed set X' = Plje J ^ij ■ 
Prom the inclusions X C X' C K, one deduces that X is a connected component of X' and so 

it is sufficient to prove that X' is acyclic. Observe that X^, is cellular if ij ^ because Kf, is 
acyclic. Moreover, there exists j'o € J such that ij^ 7^ 00. One deduces that there exists an open 
disk U C M' such that X' C C U. Therefore, to prove that X' is acyclic, it is sufficient to 

prove that M' \ X' is connected. By hypothesis, one knows that M' ^ 5^ because there is no 
essential open set on 5^. Let us write 

M'\X'={ U M'\4ju( U M'\4 

U M'\xl\y^{ U M'vMJ^ 

\jeJ\ij^oo I \i^J\ij=oo 

In the previous formula, if ij 7^ cx), one has Xl, C M' and so M' \ Xf^ is connected because 
Xf^ is cellular. A surface that is not a sphere cannot be covered by two open disks, and so 
cannot be covered by two cellular compact sets. One deduces that M' / Xj" U Xf, if ij ^ (x, 
which means that the connected set M' \ X^ intersects the connected set M' \ Xj° . Pvery set 
ij = 00, being essential, none of its connected components is included in Xf\ In other 
words, every connected component of W that is contained in M' meets M' \ Xf°^ . We have 
written M' \ X' as the union of connected open sets which all meet M' \ X^° . This last set being 
connected and included in M' \ X', this implies that M' \ X' itself is connected. □ 



Induced cellular decompositions 

Let -F be a homeomorphism of M. If {D^)j^j is a family of invariant local upper semi- 
continuous decompositions, it is clear that f\j^jT>^ is also invariant. By Proposition 2.8, one 
can say that the intersection of all the invariant essential acyclic decompositions is itself acyclic, 
it is the finest among all invariant essential acyclic decompositions, we call it the canonical 
invariant essential acyclic decomposition of F. 
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Let us state now the main result of Section 2. In particular, it asserts that the monotone 
decomposition induced by the canonical invariant essential acyclic decomposition of F is periodic 
on each connected component of its domain. 

Proposition 2.9 Let T> = {Ki)i^i he a global acyclic decomposition on a connected surface 
M that is invariant by a homeomorphism F. Then the cellular decomposition naturally induced 
by T> is F -periodic. 

Proof. Write V = {Kii)ii^ii for the induced cellular decomposition and if' for the bijection of /' 
induced by /. According to a result of Moore |Moo) . one knows that the topological space /' is a 
surface homeomorphic to M. Proposition 2.6 tells us that every point i' G /' has a fundamental 
system of neighborhoods that are open, connected and (/^'-periodic. According to Theorem 1.1, 
one concludes that Lp' is periodic. □ 

Remark: In fact, Moore's Theorem is not necessary. Indeed, what has been proved above is 
the fact that every connected component of a Ki is cellular and has a fundamental system of 
neighborhoods that are open, connected, union of such components, and F-periodic. The proof 
of Theorem 1.1 may be slightly changed and adapted to this situation to prove that there is a 
power of F that fixes all these connected components. 

Let us continue with the properties of acyclic and cellular decompositions. 

Theorem 2.10 Let F be a homeomorphism of a surface M. The intersection of all the in- 
variant essential cellular decompositions is itself an invariant essential cellular decomposition, it 
is the finest among all such decompositions, we call it the canonical invariant essential cellular 
decomposition of F. 

Proof. Of course, one can assume that there exists at least one invariant essential cellular 
decomposition, otherwise the result is true with an invariant essential cellular decomposition 
of empty domain. According to Proposition 2.8, the intersection of all the invariant essential 
cellular decompositions is an invariant essential acyclic decomposition T> = {U, {Ki)i^j). We 
consider the induced cellular decomposition V = ([/, {K'-,)ii^j^). To prove Proposition 2.8, it is 
sufficient to prove that V is invariant. Indeed P' will coincide with V because each of these 
two decompositions will be finer than the other one. In other words, one must prove that the 
homeomorphism if' that is naturally induced by F on /' is equal to the identity. Let be a 
connected component of /'. Recall that the preimage of by the projection vr' :[/—)•/' is a 
connected component of U because V is monotone. Fix G By definition of U, there 
exists an invariant essential cellular decomposition T>" = (U" , {K'j'„)i^j") whose domain contains 
z*. Write vr" : U" L" for the projection and consider a connected compact neighborhood 
X'J of i'l = '7t"{z^) in the surface /". The set tt"~^{X'J) is compact because vr" is proper and 
connected because V" is monotone. Therefore 7r"~^{X'J) is included in C/^,. One deduces that 
Xl = 7r'(7r"~^(X")) is a compact and connected subset of L'^^. For every i" G X'J, there exists a 
fixed point z" of F in K", by Cartwright-Littlewood Fixed Point Theorem and ^'{z") is a fixed 
point of if' . It is clear that points of U" that project on different points of /" also project on 
different points of /'. So we have proved that the compact set X^ contains infinitely many fixed 
points of (p' which implies, by Proposition 1.6, that (p' fixes all the points of □ 

Remark: Observe that the domain U of the invariant essential acyclic decomposition V of F can 
be written U = Uk>iU^., where is the domain of the invariant essential cellular decomposition 
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of -F*^. Indeed, the map ip' naturally defined by F on the cellular decomposition induced by T) 
satifies the property (P) of Theorem 1.1. Thus, every connected component y of [/ is fixed 
by a power F^, k > 1, and the map ip'^ defined on the restricted cellular decomposition is 
periodic by Proposition 2.9. Consequently, there exists k' > 1 such that V C U'^'' . Conversely, 
for every A; > 1, the map F acts on the invariant essential cellular decomposition {U^ ,1)^) of 
F^ , because F commutes with F^ . Write T>^ = {Ki)i^j^. The domain is invariant by F and 
every set LJo<j<A;-F-' (i^i) is invariant by F and acyclic, being the union of d disjoint cellular sets, 
where d divides k. It remains to observe that the family of such sets defines a semi-continuous 
decomposition of U^. Indeed for every open neighborhood W of Uo<j<fei^-'(-f^i), one can find a 
P*^-saturated neighborhood O of Ki such that Uo<j<fe-F-' (O) C W. 

Proposition 2.11. Let F he a homeomorphism of a surface M. Write V = (U,{Ki)i^i) for 

its canonical invariant essential acyclic decomposition and T>' = (U, {K'-,)ii^ji) for the induced 
cellular decomposition. Denote by n' : U ^ I' the projection and by the map induced on I' by 
F. If U' is the union of the components W of U that are invariant by F and such that (p'\Tr'{w) 
is the identity, then the canonical invariant cellular decomposition of F is the restriction of T> 
to U'. 

Proof. The decomposition V is obviously finer than the canonical invariant cellular decompo- 
sition V" = {U" ,{K;'„)iiifzjii) of F. This implies that U" C U. To prove the proposition, it is 
sufficient to prove that, for every component W oi U that meets U" , one has ^p'^, = ld^i(y/y 
Indeed, we will deduce that W C U" . The argument is the same as in the previous result: the 
fact that W meets U" implies first that W is invariant by 95', then that the set of fixed point of 
if'^ is not discrete. The map ip'^ being periodic one deduces that ipw = Id7r'(VF)- ^ 

Corollary 2.12 Let F be a homeomorphism of a surface M and U the domain of the canoni- 
cal invariant cellular (or acyclic) decomposition V = {U, {Ki)i^i) of F. Then every simple closed 
curve in U that is homotopic to zero in M borders a closed disk D C U. 

Proof. According to the remark that follows Therem 2.10, it is sufficient to prove the result for 
the celullar decomposition. Of course, one can suppose that M is connected and that U $, 
which implies that M ^ S'^. Every simple closed curve C C U homotopic to zero in M borders a 
unique closed disk D C M. We want to prove that this disk is included in U. The saturation 2?(C) 
is an invariant compact connected set and F induces a natural bijection on the set of connected 
components of M \ T>{C). This bijection is the identity. Indeed, every connected component W 
of M \ T>{C) meets U because it is open and its frontier is included in T>[C). This implies that 
W meets a set Ki. But Ki being connected and disjoint from T>{C) should be contained in W . 
As we know that Ki contains a fixed point of F, by Cartwright-Littlewod Fixed Point Theorem, 
we deduce that W is F-invariant. To prove that D is included in [/, one must prove that every 
connected component of D \ T>[C) is included in U . Observe that such a component is an open 
disk because its complement in the interior of D, has no compact connected component. 

Suppose that it is not the case, that means suppose that there exists a connected component 
V oi D\ V{C) that is not included in U. Let us explain why F \ i7 is an acyclic compact set 
invariant by F. The fact that F \ ?7 is compact comes from the inclusions Fr(l/) C T^iC) C U . 
The set V \ U is invariant because V and U are invariant. It remains to prove that V \ U is 
acyclic. Of course it is included in a disk, the disk V itself. So, to conclude, one must prove 
that the complement oiV\U m. M \s connected. This arises from the connectedness of M \ D 
and of the fact that there is no connected component of U that is contained in V . Indeed, U is 
supposed to be essential. 
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To find a contradiction, let us add 1^ \ ^7 to P to get an invariant acyclic decomposition 
finer than T>. One of the connected component of its domain, the one that contains V, meets 
the domain of V, without being included in its domain. This contredicts Proposition 2.9. □ 

Remark 1: In the case where M is a closed surface, or a surface of finite type, one deduces 
that the domain U of the canonical invariant cellular (or acyclic) decomposition has finitely 
many ends (if it is not empty) and that these ends are trivial in the following sense: one can 
write U = Un>0 Qn where {Qn)n>o is a sequence of compact surfaces with boundaries, such that 
Qn C Int(Q„+i), and such that Qn+i \ Int((5„) is a union of essential compact annuli. 

Remark 2: Let M be a surface and T a subgroup of the group of homeomorphisms of M. One 
can define the canonical invariant essential acyclic decomposition of T as the intersection of all 
the essential acyclic decompositions that are invariant by every element of J^. Similarly, one can 
define the canonical invariant essential cellular decomposition of J-". It is the finest among all 
the invariant essential cellular decompositions that are invariant by every element of T. Observe 
that its domain also satisfies the conclusion of Corollary 2.12. 

Example. Consider the homeomorphism 

F : R/Z X R R/Z x R 

{e,r) {e + 'ijj{r),r) 

where ip : R — )■ R is continuous. For every s G Q, set Jg = Int(V'~^ ({«}))■ Define 

J = lnt{^-\Z))= U Js 
sez 

and 

j' = Int(^-i(Q))= U Js. 

seQ 

One can verify that the domain of the canonical invariant essential cellular decomposition isU = 
R/Z X J = Int(Fix(F)) and that the decomposition on this set is the partition in points. Similarly, 
the domain of the canonical invariant essential acyclic decomposition is U' = R/Z x J' = 
Int(Per(i^)) and the decomposition is the decomposition in orbits of F. On a given connected 
component of U', all the orbits have the same cardinal. 

This example permits to understand why looking at essential decompositions is fundamental 
in this section. If one adds the upper end oo to this annulus one gets a homeomorphism of a 
plane with no finest invariant cellular upper semi-continuous decomposition. Indeed, the previous 
cellular decomposition defines a cellular upper semi-continuous decomposition of this new map, 
but there is a lot of other such decompositions and none of them are comparable. To be more 
precise suppose that ip is increasing and that the Js, s G Z, have non empty interior. For 
every A; G Z we have a decomposition whose domain is (R/Z x (I U [max J^, +cx)))) U {oo} 
that consists of the disk (R/Z x [max Jjt, +oo)) U {oo} and of the points of R/Z x [jg^^Js- 
In fact, this example is enlightening to understand why the domains must be essential in the 
statement of Proposition 2.8. Indeed add the lower end — oo to get a sphere. Fix r in the 
interior of Jq. We have a decomposition whose domain is (R/Z x ( J U [r, +oo))) U {oo} that 
consists of the disk (R/Z x [r, +oo)) U {oo} and of the points of R/Z x ( J fl (— oo, r)). We have 
another decomposition whose domain is (R/Z x ( J U ( — oo, r])) U { — oo} that consists of the disk 
(R/Z X (— oo, r]) U {— oo} and of the points of R/Z x ( J n (r, +oo)). Both of them are invariant 
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cellular decompositions but the intersection is not acyclic, because one of the elements of this 
decomposition is the circle R/Z x {r}. 

3. Local Anosov homeomorphisms and centralizers 

Hyperbolic automorphisms of and centralizers 

We begin this subsection by recalling some well known facts about hyperbolic linear auto- 
morphisms of the torus based on the Shadowing Lemma, which are due to Franks [Fr] , and will 
state a much recent one that is proved in [Mark] (see also [FrHa2) ). Then it will be easy to copy 
the various proofs in the more general situation of local Anosov homeomorphisms. Let us fix a 
hyperbolic linear automorphism L of T^, which preserves the orientation and has a unique fixed 
point, for example consider 

L : {x,y) ^ {2x + y,x + y). 

Denote by / : (x, y) i-^ (2x + y,x + y) the linear automorphism of that lifts L and fix a 
norm || || on R^. Say that a sequence {zk)kez in R^ is a C -pseudo-orbit of / if for every k £ Z, 
one has ||/(2fc) — ^fc+ill ^ C. Let us recall the Shadowing Lemma: 

Theorem 3.1 : There exists a constant > satisfying the following property: for every C- 
pseudo- orbit (-ZA;)fcgZ; there exists a unique point z' € R^ such that the sequence (^z^ — l^{z')^ ^ ^ 
is bounded and moreover one has \\zk — < C*C. 

Let us state now some consequences of the Shadowing Lemma. 

Proposition 3.2 : The unique continuous transformation of that is homotopic to the 
identity and commutes with L is the identity. 

Proof. Suppose that H commutes with L and is homotopic to the identity. The fact that L has 
a unique fixed point implies that there exists a unique lift of H to R^ that commutes with I. 
Indeed, fix a lift h of H to R^ and observe that there exists a; G Z'^ such that loh = t^ohol.^ 
where t^j : x i— )• x + w is the translation of vector a; € Z^. To find a lift of H that commutes 
with Z, one must find uj' E Z^ such that t^^/ o h o I = I o t^^i o h. As we have 

lot^, oh = ti(^>) oloh = ohol, 

we must solve the equation 

uj' = 1{J) +0;. 

The fact that L has a unique fixed point means that the degree of L — Id^a is equal to ±1, 
or equivalently that det(/ — IdR2) = ±1. Thus, the previous equation has a unique integer 
solution. Let us suppose now that h commutes with /. The map h — Idj^2 is bounded because it 
is Z^-periodic. One deduces that the sequence 

is bounded: the /-orbit h{z) shadows the /-orbit of z. By uniqueness of the shadowing orbit given 
by Theorem 3.1, one deduces that h{z) = z, which implies that H is the identity. □ 
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Proposition 3.3 : Every homeomorphism G ofT"^ isotopic to L is a continuous extension of 
L. More precisely, there exists a unique factor map H : ^ from G to L that is homotopic 
to the identity. 

Proof. Let (Gs)sg[o^i] be an isotopy in from L to G. One can lift this isotopy on to an 
isotopy (5s)sg[o,i] such that 5^0 = Of course, one has Qs ° t^ = ti(^^) o (7^, for every u € 1? . 
Observe that there exists C > such that for every s € [0, 1] and every z E R^, one has 
|[(7s(z) — l{z)\\ < G. This imphes that the sequence {gs{z))kez is a C-pseudo-orbit of / : for every 
/c € Z, one has 

\\g':+\z)-l{g',{zm<G 

By Theorem 3.1, there exists a unique point z' G R^ such that the sequence (^gs{z) — l^{z')j ^ ^ 

is bounded. Moreover, this sequence is bounded by C^=C We denote by hs{z) this point. The 
graph of the function (s, z) i->- hs{z) is the following closed set 

[{s,z,z') G [0,1] xR2 xR2 [ keZ^ \\g'',{z) -l''{z')\\ < . 

Applying the Closed Graph Theorem on every compact set of [0, 1] x R^, one can affirm that 
the map {s,z) i-^- ht{z) is continuous on [0, 1] x R^. By uniqueness, one gets 

- Hq = Idp{,2 ; 

- hs o Qs = I o hs] 

hs o t^ = t^ o kg for every uj G Z^. 

Therefore, (^s)sg[o,i] lifts a continuous family (-ffs)sg[o,i] of transformations of T^, such that 
Hq = Id and such that Hg o Gg = L o Hg for every s € [0, 1]. The map Hq inducing the identity 
on the group of homology ^^2(T^ Z), it is the same for H = Hi, which implies that H is onto. 

To conclude the proof, it remains to prove the unicity of the factor map H. One must prove 
that every continuous transformation H' of homotopic to the identity such that H'oG = LoH' 
coincides with H. Consider a homotopy (-f^s)sg[o,i] from Id^a to H. Lift it to a homotopy 
(^s)se[o,i] such that /iq = Idp^a and set h' = h'^. Observe that h' ot^ = t^i o h' for every co E Z^. 
As a consequence of the equality Lo H' = H' oG, one knows that there exists ujq € Z^ such that 
loh' = ti^f^ oh' og. By hypothesis, L has a unique fixed point and det(/ — Id) = ±1. One deduces 
that there exists ui € Z^ unique, such that /(a;i) —uji = —ujq. Set h" = t^^ oh' and observe that 

loh" = lot^^oh' = ti^^^) oloh' = ti(^^^) ot^^oh' o g = t^^oh' o g = h" o g. 

One deduces that o h" = h" o g^ for every /c G Z. The map h" — Idj^2 being Z^-periodic is 
bounded. This implies that h"{z) is the unique point z' such that the sequence {g^{z) — l^{z')^ ^ ^ 
is bounded, that means h"{z) = h{z). One deduces that H' = H. □ 

The next result is not so familiar (and is implicitely proven in [Mark] ) . 

Proposition 3.4 : Let G be a homeomorphism 0/ isotopic to L and H the unique factor 
map from G to L that is homotopic to the identity. Then every fiber H^^{{(i\), a € T"^ , is an 
acyclic compact set. 

Proof. Let 5 be a lift of G to R^ and h the unique lift of H that defines a factor map from g to 
I. The map h is proper, so each set ka = h^^{a) is compact. Let us prove that its complement 
is connected, which means that ka is acyclic. Let us begin with some remarks. 
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If z, z' in have the same image by /i, then the sequence {g^{z) — 5"'(-z'))nez bounded 
by 2C*C, because 

\\g^{z)-g^iz')\ < \\g^iz)-rih{z))\\ + |[r(/i(z')) - 
< 2C,C. 

If z, z' in have not the same image by h, then the sequence {g^{z) — 5'"(-z'))nez 
bounded because 

\\g-{z)-g-{z')\\ > \r{h{z))-nKz))\\ - {z) - T {h{z))\\ - \r{h{z'))-g-{z')\\ 

> wrihiz)) -rihiz'))\\-2c,c, 

and because one least of the two sequences 

{\r{h{z))-r{h{z'))\\)n>o or (||r"(/.(z))-r"(/.(zO)ll)„>o 

tends to +00 when n tends to +00. 

Let us fix a G R^. To prove that R^ \ ka is connected, we need to prove that every point 
z' G R^\A;a belongs to the unbounded connected component of R^\A;a or equivalently that there 
exists n G Z such that g^{z') belongs to the unbounded connected component of R^ \ g^{ka)- 
Choose z G ka- There exists n G Z such that — g^{z'))\\ > 2C*C, which implies that 

g^{z') belongs to the unbounded connected component of R^ \ g^{ka) because g^{ka) = kin(^a)- 

The preimage of Ka by the covering projection may be written Ua+z2=a and similarly the 
preimage of every connected component K' of Ka may be written U^ez^ ^aj(fc') where k' is a 
cellular set. This implies that the set K' itself is cellular. □ 

If G satifies the hypothesis of the previous proposition and if F is a homeomorphism of 
isotopic to the identity that commutes with G, it is easy to prove that F fixes every fiber 
H^^{{y}), y G T^. The following result is much more surprising and is one of the fundamental 
results of [Mark] . We will see here how to get a short proof by applying Theorem 1.1. 

Proposition 3.5 : Let G be a homeomorphism isotopic to L, and H the unique factor map 
from G to L that is homotopic to the identity. If F is a homeomorphism of isotopic to the 
identity that commutes with G, then F fixes the connected components of the fibers H^^{{a\), 
aGT2. 

Proof. The transformation H o F is continuous and homotopic to the identity. Moreover, one 
has 

HoFoG = HoGoF = LoHoF, 

which implies that H = H o F,hy uniqueness of the factor map given by Proposition 3.3. Fix a 
lift (7 of G to R^. Like in the proof of Proposition 3.1, the fact that L has a unique fixed point 
implies that there exists a unique lift of F to R^ that commutes with g. Indeed, fix a lift / of 
F to R'^. Here again, there exists w G Z'^ such that g°f = t^ofog and one must find uj' G 7? 
such that t^i o f o g = g o t^i o f . As we have 

got^i o f = tii^^,) ago f = tit^^,)^^ o f og, 

we must solve 

uj' = l{oj') + UJ, 
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and we have seen in the proof of Proposition 3.2 that this equation has a unique solution. 

Suppose now that / is the hft of F that commutes with g. Denote by h the unique factor 
map from g to I that commutes with the integer translations. Observing that 

hofog = hogof = lohof 

and that ho f commutes with the integer translations, one deduces that ho f = h. According to 
Proposition 3.4, one knows that the decomposition of in fibers of h is an invariant acyclic de- 
composition of /, and to Proposition 2.9, that the induced cellular decomposition V = {K'-,)ii^ii 
is /-periodic. Recall that /' is a topological plane by Moore's Theorem. The induced map ip' 
being periodic, it has a fixed point by Brouwer's Lemma on Translation Arcs. The natural ac- 
tion of 7? on induces an action of on I' and of course commutes with the induced 
transformations. In particular, ip' has infinitely many fixed points. We have seen in Proposition 
1.6 that this implies that ip' is the identity . □ 

Construction of local Anosov homeomorphisms, main result 

Consider the compact one punctured torus Tq obtained by blowing up the origin of T^. In 
other words, one adds to \ {0} the circle Sq of directions at 0, equipped with the natural 
topology. Every diff^eomorphism of class of that fixes has a natural extension to T^: the 
homeomorphism that acts on 5*0 by the natural action of the derivative DF(0). Denote by Lq 
the homeomorphism obtained from our hyperbolic automorphism L in that way. The restriction 
Lo\sg has four fixed points: two sinks u, ui' separated by two sources a, a'. Let us denote by Ir, 
1 < r < 4, the connected components of 5*0 \ {uj^uj' , a, a'} and choose, for every r, an increasing 
homeomorphism h,- : I,. — > [0, 1], where Ir inherits the original orientation of Sq. We define a 
homeomorphism Lq of 5*0 x [0, 1] by setting 

L'q{z, s) = {h-^{{l - s)hriLo{z)) + Shr{z)), s), 

for every {z,s) & Ir x [0,1]. We obtain a compact one punctured torus Ti by pasting Tq and 
5*0 X [0, 1] identifying z £ Sq with (z, 0) G 5*0 x [0, 1] and a homeomorphism Li on Ti that 
coincides with Lq on To and with L'q on Sq x [0, 1]. The homeomorphism does not depend, up 
to conjugacy, on the above construction. 

Let M be a closed surface without boundary and T C M a compact one punctured torus. 
We will call local Anosov homeomorphism supported on T every homeomorphism of M that fixes 
every point outside T and that is conjugate to Li when restricted to T. 

The goal of this section is to prove the following result: 

Theorem 3.6 : Let M be an orientable closed surface with no boundary, T c M a compact one 
punctured torus, T the 2-torus obtained from M by identifying M\T to a point and P : M T 
the natural projection. Let F be a homeomorphism of M such that: 

i) F is isotopic to a homeomorphism that fixes every point of T; 

ii) there exists a homeomorphism that commutes with F and is isotopic in M to a local Anosov 

homeomorphism supported on T. 

Then, there exists a connected component U of the domain of the canonical invariant essential 
acyclic decomposition of F such that the map P* : H^{f, Z) -J. H^{U, Z) is injective. 
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Study of local Anosov homeomorphisms 



We will extend what we did for hyperbolic automorphisms of to local Anosov homeomor- 
phisms. We fix here a closed surface without boundary M and a local Anosov homeomorphism 
L* supported on a compact one punctured torus T. To simplify the notations, we will write 
T = Ti and L*\t = Li, keeping the notations of the previous subsections. We will give the same 
name to the projection P defined in the statement and the projection P : M ^ that sends 
every point of \ {0} = Tq \ OTq on itself and every point of AT = M \ Tq on 0. Indeed, the map 
P : M T2 defines a natural map P : T ^ such that P* : H^T"^, Z) H^{f, Z) is an 
isomorphism. Thus, to prove Theorem 3.6, it is sufficient to prove that there exists a connected 
component U of the domain of the canonical invariant essential acyclic decomposition of F such 
that the map P* : H^iT"^, Z) H'^{U, Z) is injective. Fix G \ {0}. The normal covering 
space M of M obtained as the quotient of the universal covering space of M by the kernel of 

: 7ri(zo,M) ^7ri(^o,T2) 

has a deck transformation group {t* , uj £ Z^} isomorphic to Z^, and P can be lifted to an 
application p : M ^ satisfying pot* = op, for every w € Z^. The inverse image p~^{{ui}) 
of a point a; G Z^ is a surface with boundary and the covering projection 11 : M ^ M 
induces a homeomorphism between N^^ and N. By contrast, the inverse image of a point uj ^T? 
is reduced to a point. The homeomorphism L* can be lifted to /*, where /* o = o /*, and 
where /* coincides on a set A'o.,, cj G Z^, with the transformation In particular, the fixed 

point set of /* is included in Aq. 

The following result is the natural extension of Proposition 3.3. 

Proposition 3.7 : Let G he a homeom,orphism of M isotopic to L* . Then, there exists a 
unique continuous map H : M — > homotopic to P, such that H o G = L o H , and this map 
is onto. 

Proof. Let (Gs)se[o,i] be an isotopy in M from L* to G. One can lift this isotopy on M to an 
isotopy (5's)se[0,i] such that qq = I*. Of course, one has Qs ° = i;*)-^^-) ° ds, for every uj G Z^. 
Observe that there exists C > such that for every s G [0, 1] and every z G M, one has 

\\P o gs{z) - I o p{z)\\ = \\pogs{z) -pol*{z)\\ < C. 

This implies that the sequence {p o gg{z))k^z is a C-pseudo-orbit of I. By Theorem 3.1 there 

exists a unique point z' G such that the sequence (pog'^^z) — l^{z'))kez is bounded. Moreover, 
this sequence is bounded by C^C. We denote by hs{z) this point. Like in the proof of Proposition 
3.3, the graph of the function (s, z) i-^ hs{z) is the following closed set 

{{s,z,z') G [0,1] xMxM I keZ^ \\pog^g{z)-l''{z')\\ < C^c} , 

which implies that the map (s, z) (->• ht{z) is continuous on [0, 1] x M. In this new situation, one 
gets 

- ho=p; 

- hsOgs=lohs; 

- /is o C = *w o kg for every oj G Z^. 
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Therefore, (/is)sg[o,i] lifts a continuous family {Hs)s^[o^i] of maps from M to T^, such that 
Hq = P and such that Hg o Gg = L o Hs for every s G [0, 1]. The map Hq = P inducing a group 
isomorphism between H2{M,Zi) and i72(T^,Z), it is the same for H = Hi, which imphes that 
H is onto. 

To conclude the proof, it remains to prove the unicity of the factor map H, which is done 
like in the proof of Proposition 3.3. One must prove that every continuous map H' : M ^ 

homotopic to P such that H' o G = L o H' coincides with H. Consider a continuous family 
(i7^.)gg[Qj] of maps from M to such that Hq = P and H[ = H' . Lift it to a continuous family 

(^s)sg[o,i] of maps from M to such that H'q = p. Set h' = h[. Observe that h' o t^j = t^^ o h' 
for every a; G Z^. As a consequence of the equality L o H' = H' o G, one knows that there 
exists ujQ € such that I o h' = t^^Q o h' o g. By hypothesis, L has a unique fixed point and 
det(/ — Id) = ±1. One deduces that there exists ui G Z^ unique, such that l{uji) — lui = —ujo. 
Set h" = toji o h' and observe that 

loh" = lot^^^oh' = ti^^^) oloh' = otoj^oh' og = t^^oh' og = h" o g. 

One deduces that o h" = h" o g^ for every G Z. The map h" — p being invariant by the deck 
transformations t* , a; G Z^, it is bounded. This implies that h"{z) is the unique point z' such 
that the sequence {pog'^{z) — l'^{z'))k^z is bounded, that means h"{z) = h{z). One deduces that 
H' = H. □ 

Now, me must extend proposition 3.4: 

Proposition 3.8 : We keep the same notations as in Proposition 3.7. Then the map h is 
proper and every set ka = h^^{a), a G R^, is a compact set whose complement is connected. 
Moreover, ka is acyclic i/ a Z** . 

Proof. The map p being proper, it is the same for h because \\p{z) — h{z)\\ < C^C for every 
z G M. Thus ka = h^^{a) is compact and it remains to prove that its complement is connected. 
Like in the proof of Proposition 3.4, let us begin with some remarks. 

If z, z' in M have the same image by h, then the sequence {p{g'^{z)) — p{g"'{z')))nez is 
bounded by 2C*C, because 

\\p{9^{z))-p{g^{z'))\\ < ||p(<7"(z))-r(Mz))|| + ||r(/i(z'))-p(5"(^'))ll <2ac. 

If z, z' in M have not the same image by h, then the sequence {p{g"'{z)) — p{g"'{z')))nez is 
not bounded because 

> \riKz)) - r{h{z'))\\ - \\p{g-{z)) - r{h{z))\\ - \\r{h{z'))-p{g-iz'))\ 
>\\r{h{z))-r\h{z'm-2C.G, 

and because one least of the two sequences 

{\r{h{z)) - nh{z')) \\)n>0 or nh{z))-l-^{h{z'm)n>0 

tends to +oo when n tends to +oo. 

For every r > 0, there exists Rr > r such that, if z, z' in M satisfy \\p{z) —p{z')\\ > Rr, then 
z' is in the unbounded connected component of M \ B{z,r), where we set 

B{z, r) = {z' eM\ \\p{z) - p{z')\\ < r}. 
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Let fixa G R^. To prove that M\ka is connected, we need to prove that every point z' G M\ka 
belongs to the unbounded connected component of M\ A;^ or equivalently that there exists n G Z 
such that g"'{z') belongs to the unbounded connected component of M \g'^(ka)- Choose z € ka- 
There exists 77, G Z such that d{g'^ (z) , g^{z')) > R2CtC, which implies that g^{z') belongs to the 
unbounded connected component of M \ ^(^"(z), 2C*C). This implies that g'^{z') belongs to 
the unbounded connected component of M \ g"'{ka) because g^{ka) = fcp(a) C B{g"'{z),2C^C) 

Let us prove now the second assertion and suppose that a ^ T? . For every cu G Z^, there 
exists ra G Z such that ||r(w) - ^"(a)|| > C*C Fix z^N^ and z' G ka- One has 

l|p(r"(z)) -p{g^{z'))\\ > Mn{z)) - - \r{h{z')) -^(5^(^0)11 

> ||r(a;))-Z"(a)|| -coo 

We have proven that /*"(Ar^) g^'ika) = and we deduce that 5-" o /*"(Ar^) n fc^ = 0. 
Recall that g~"^ o T" is isotopic to the identity. One deduces that every surface N^^, uj ^ T? ^ 
is isotopic in M to a surface that is disjoint from ka- As we know that M\ka is connected, it 
remains to prove that ka is contained in a disk to ensure that it is acyclic. Denote by N the 
set of compact connected surfaces in M with boundary, whose interior contains ka- This set is 
non empty because every compact connected surface with boundary, " sufficiently large", will 
belong to M . To prove that ka is contained in a disk, it is sufficient to prove the following: 

- if iV G 7\A has a positive genus g, then there exists N' ^ M whose genus g' is smaller than g; 

- il N & J\f has genus and if its complement has n > 2 connected components, then there 
exists N' e J\f with genus such that its complement has n' <n connected components. 

- ii N e J\f has genus and a connected complement and if the boundary of N has m > 2 
components, then there exists N' E Af with genus and a connected complement such that its 
boundary has m' < m components. 

Let us prove the first statement. Suppose that N G Af has a positive genus g. One can 
find two simple closed curves F and F' in N that intersect in a unique point with a tranverse 
intersection. The cycle F is homologous in Hi{M, Z) to a cycle J2i<r<R^r: where each F^ is a 
simple closed curve included in a surface N^^ . Eadi curve F^. is isotopic to a simple closed curve 
F^ disjoint from ka, because Ni^^ is isotopic in M to a surface that is disjoint from ka- There 
exists at least one curve F^ whose algebraic intersection number with F' is not zero and we have 
the same property for F^. Either F^ is included in the interior N, or there is a sub-arc 7^ of F^ 
contained in the interior of N except the ends which are on the boundary of N- If we cut the 
surface N along F[. in the first case, along 7^ in the second one, we get a surface N' e J\f whose 
genus g' is smaller than g- 

Let us prove now the second statement. Suppose that N G J\f has genus and that its 
complement has n > 2 connected components. One can find a simple arc in M \ ka whose ends 
belong to distinct connected components of M\N, because M \ fca is connected. There exists a 
sub-arc 7' of 7 that is contained in the interior or N except the ends which are on the boundary 
of N and belong to the closure of distinct connected components of M \ A^. If we cut the surface 
A'' along 7', we get a surface N' € J\f with genus such that its complement has n' < n connected 
components. 

Let us finish with the last statement. Suppose that N E Af has genus 0, that its complement 
is connected and that the boundary of A^ has m > 2 components. Fix such a component F'. 
One can find a simple closed curve F in M that intersects F' in a unique point with a tranverse 
intersection. Like in the first case, the cycle F is homologous in Hi{M, Z) to a cycle J2i<r<R^r^ 
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where each T'^ is a simple closed curve disjoint from ka- There exists at least one curve whose 
algebraic intersection number with T' is not zero. There is a sub-arc 7^, of contained in the 
interior of N except the ends which are on the boundary of N and belong to distinct connected 
components of the boundary of A^. If we cut the surface along 7^ we get a surface N' J\f 
with genus and a connected complement such that its boundary has m' < m components. □ 

Corollary 3.9 : We keep the same notations as in Proposition 3.7. Then, every set Ka = 
H^^{a), a G \ {0}, is acyclic. 

Proof. Here again, the preimage of Ka by the covering projection may be written \Ja+z^=a 
and similarly the preimage of every connected component K' of Ka may be written |Ja;GZ2 tui^') 
where k' is a cellular set. This implies that the set K' itself is cellular. □ 

Let us conclude this section with the proof of Theorem 3.6. 

Proof of Theorem 3.6. By Corollary 3.9, one knows that the domain W of the canonical invariant 

acyclic decomposition of F contains M \ K^. There exists a neighborhood V of Kq such that 
for every compact surface with boundary satisfying K-^ C N CV, the connected components 
of 7r^^(A^) are compact. We fix such a surface and want to find a connected component V of 
M \ N such that P* : H^{T'^, Z) H^iV, Z) is injective. Write {xi,X2) for the coordinates on 
R^. The one- forms dxi, dx2 on defines the generators Ai, A2 of i/^(T^, Z) and the two- form 
dxi A dx2 the generator Ai ^ A2 of f/'^(T^,Z). The fact that the connected components of 
7r^^(A^) are compact implies that P*(Ai) and P*(A2) vanish on Hi[N,Zi) and therefore define 
elements of H^{M, N, Z). By duality, to each cohomology class P*{Xi) E H^{M, N, Z), i E {1, 2}, 
is associated an homology class G Hi{M \ N) (see Bredon [Brej . Corollary 8.4, for example) 
and to P*(Ai) ^ -P*(A2) = P*{\i ^ X2) G H'^{M, N, Z) is associated by duality the intersection 
ai A 02 E Hq{M \ N). Denote by {Vr)r£R the (finite) family of connected components of M \ A^ 
and for every r R, write z/,. for the natural generator of HQ{Vr, Z). One may write ai A a2 = 
Tjr&R^rVr, where kr E Z. One knows that Y^reR^r = 1 and that P* : H^{T'^,Z) H'^{Vr,Z) 
is injective if fe^ ^ 0. □ 

Remark: The decomposition that we have constructed above depends on G (and not on F). 
Thus, we have proved something stronger that what is stated in Proposition 3.6. Let M be an ori- 
entable closed surface, T C M a compact one punctured torus and G a homeomorphism isotopic 
to a local Anosov homeomorphism supported on T. Denote by J- the group of homeomorphisms 
of M that commute with G and are isotopic to homeomorphisms that fix every point of T. Then, 
there exists a connected component lA of the domain of the canonical invariant essential acyclic 
decomposition of the group T, such that P* : H^{f, Z) ^ H^{U, Z) is injective. 

4. Non existence of a section of the mapping class group 

In this section, we fix an orientable closed surface M, we denote by Homeo+(M) the group 
of orientation preserving homeomorphisms of M and MCG(M) the Mapping Class Group of M 
with the group structure naturally induced. We denote by 

V : Homeo+(M) ^ MCG(Af) 

the projection, which associates to every homeomorphism / its isotopy class [/]. We want to 
prove: 
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Theorem 4.1 : If the genus g of M is larger than 1, there is no morphism 

£ : MCG(M) ^ Homeo+(M) 

such that 

V o£ = IdMCG(M)- 

The proof will be done by contradiction, by supposing that £ exists. Denote by @ the 
fundamental Dehn twist, which is the homeomorphism of x [0, 1] that is lifted to the universal 
covering space by 

e :Rx [0,1] ^Rx [0,1], 
{x,y) ^ {x + y,y). 

For every simple closed curve P that is not homotopic to the identity we choose a one to one 
continuous map Hfs : X [0, 1] M, whose image will be denoted by A*^, such that every 
curve His{T^ x {y}) is freely homotopic to /3, then we define € Homeo+(M) which is equal to 
the identity outside A*^ and is conjugate to & by H^^ on this annulus. The isotopy class [Fg] is 
independent of the choice of i?/?, of the orientation of P and of the free homotopy class of p. We 
define F^ = £{[F^]). Let us apply first what has been done in the previous section to the maps 
Fg . Let denote by the domain of the canonical invariant essential cellular decomposition of 

Proposition 4.2 : There exists an annular set Ajs, intersection of a nested sequence of com- 
pact annuli homotopic to A*^ such that Up = M \ Ap is one of the connected component ofWp, 
the other components being essential annular open sets included in Ap. 

Proof. Let us begin by proving that the domain W'^ of the canonical invariant essential acyclic 
decomposition of Fp is not empty and for that, fix a one punctured compact torus T C W^. One 
can construct a local Anosov homeomorphism L* supported on T. The supports of Fg and L* 
being disjoint, these two maps commute. One deduces that F^ and [L*] commute which implies 
that Fp and £{L*) commute. The hypotheses of Theorem 3.6 are satisfied for Fp and T. Thus, 
there exists a connected component U of such that the map P* : H^(T,Zi) — > H^{U,Zi) is 
injective, where P : M ^ T is the natural projection on the 2-torus T obtained from M by 
identifying M \ T to a point. 

Now, let us study the topological properties of W^. According to Corollary 2.12 and to the 
remark that follows it, one can write W'^ = Un>0 Qn where {Qn)n>o is a sequence of compact 
surfaces with boundaries, such that Qn C Int(Qn+i)) and such that Qn+i \ Int((5ri) is a union 
of essential compact annuli. Wc will prove that every boundary circle of Qn is homotopic to 
/3. Consider a connected component U of W'^. According to the remark that follows Theorem 
2.10 and Cartwright-Littlewood's Fixed Point Theorem, one knows that there exists an integer 
g > 1 such that every end of U is accumulated by fixed points of F|. To such an end is naturally 
associated one boundary circle of Qn and conversely to each boundary circle is associated nat- 
urally one end of Wp. One deduces that every boundary circle of Qn is freely homotopic to its 
image by a power of Fp. Fix no and choose a boundary circle F of Qn^- As Fp is isotopic to F^, 
one deduces that there exists q > 1 such that F^''(r) is homotopic to F. The homeomorphism 
F| being a Dehn twist, one deduces that F is homotopic to a simple closed curve F' € W'^. It 
remains to prove that F' is homotopic to (3. If F' does not separate Wp, one can find a compact 
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one punctured torus T' C that contains V and do the same construction as above. As a 
consequence there exists a loop in W'^ whose algebraic intersection number with T' is non zero. 
If n is sufficienty large, this loop will have an algebraic intersection number equal to zero with 
the boundary circle of Q„ corresponding to the same end than F, which gives us a contradic- 
tion. If r' separates but is not homotopic to /3, then one can find a non separating simple 
loop r" C W'^ whose geometric intersection number is non zero (that means that every loop 
homotopic to T" meets V) and then a compact one punctured torus T' C Wp that contains T" . 
Observe that there is no connected U component of Qno such that P* : H^{T', Z) H^(U, Z) 
is injective. Here again we have a contradiction. 

We have proven that every boundary circle of Qn is homotopic to /3. In fact we have proven 
more: either the domain Qn is equal to the whole surface M or it contains a subsurface, union 
of one or two of its connected components (depending whether /3 is separating or not), that 
is isotopic to the closure of Wp. In the first case, the domain coincides with M. In the 
second case, there exists an annular set Ajs, intersection of a nested sequence of compact annuli 
homotopic to A*p such that = M \ A/3 is the union of one or two connected connected 
components of W'^, the other components being essential annular open sets included in A/s- Of 
course. Up is uniquely defined, invariant by Fp, and each of its two connected components is 
invariant by Fp in the case where it is not connected. Define the set U to be equal to Up in 
the case where ?7g is connected, and to one of its connected component in the opposite case. 
Denote by Vp = {Ki)i^j^ the cellular decomposition induced on U by the restriction to U of 
the canonical essential acyclic decomposition of Fp. By Proposition 2.9, there exists q > 1 such 
that Vp is invariant by Fp. To get our result it remains to prove that U ^ M and q = 1. 

Write M for the universal covering space of M and 11 : M ^ M for the covering projection. 
Denote by T the deck transformation group. Define the set W* to be equal to Wp in the case 
where P does not separate M and to the connected component of Wp corresponding to U in the 

case where jS separates M and Up is not connected. Fix a connected component W* ofIl~^{W*). 
It is the universal covering space of W* with a group of covering automorphisms equal to the 
stabilizer of W* in T, that we denote by T'. There exists a lift Fp of Fp that fixes every point of 

W*. This lift commutes with every t eT'. Fix an isotopy / from Fp to Fp, lift it to an isotopy 

/ defined on M and starting from Fp and denote by Fp the other end of the isotopy. It is a 
lift of Fp that commutes with every element of T'. One can find a non trivial element t E T' 
such that any path joining a point z to t{z) projects on a loop of M that is non homotopic 
to /3 whatever /3 is oriented. There exists a unique connected component U oi U such that r 
belongs to the stabilizer of U. The fact that Fp commutes with r implies that Fp{U) = U. The 
decomposition Vp can be lifted to a cellular decomposition V = {Ki).^j on U. The map F acts 
on V and there exists r' G T' such that for every i e I, one has Fp{Ki) = T'{Ki) because Vp 

is invariant by Fp. The fact that Fp commutes with every t (z T' implies that r' belongs to the 
center of T'. But this center is trivial because W* is a two punctured surface of genus g — 1 oi 
one punctured surface of genus g' > 1. One deduces that V is invariant by Fp. We have meet 
such a situation before: the set /' is a topological disk with a proper and free action of T', the 
map f induced by Fp is a periodic map that commutes with the elements of T', it must have 
a fixed point by Brouwer's Lemma on Translation Arcs and in fact infinitely many such fixed 
points. This implies that if is the identity. So we have q = 1. As a consequence, one deduces 
that Fp commutes with the whole stabilizer of U. As one knows that Fp does not commute with 
every element of T, one deduces that U ^ M. □ 
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Now we will begin the proof of Theorem 4.1 and will suppose first that g is even. We fix 
a simple closed curve /3o that separates M into two homeomorphic one punctured surfaces of 
genus g/2 and we consider an involution /* E Homeo+(M) that fixes Po and permutes the two 
connected components of M \ /3o- We know that the class [/*] G MCG(M) has order two, which 
implies that the homeomorphism / = £■{!*) is an involution. In one of the connected components 
of M \ /3o we construct a sequence {Pj)i<j<g of simple closed curves such that: 

- if \j — j'\ > 1, then (3j are (3ji disjoint; 

- if I J — j'\ = 1, then /3j and /3j' have a unique point of intersection and the intersection is 
transverse. 

On the other component of M \ (3q, we construct another sequence iPj)-g<j<-i of simple 
closed curves by setting /3j = 

For every j € {—g,...,g}, one can define the objects A*^., F^,, Fjs., Ap-^ ^I3j^ ^fiji that 
we will write A*j, Fj , Fj, Aj, W., U. respectively to simplify the notations. In the case where 
\j — j'\ > 1, one can choose the annuli Aj and A*, to be disjoint. This implies that F* and F*, 
commute. Therefore, one concludes that [Fj] and [F*,] commute in the Mapping Class Group 
and that the homeomorphisms Fj and Fji commute. For similar reasons, one knows that Fq 
commutes with every Fj. Because of the equality 13 j = I*{l3^j), one can suppose that F* is 
conjugate to F^j by I* , which implies that Fj is conjugate to F-j by / and consequently that Fq 
commutes with /. There is a more subtle relation, that can be read only on the isotopy classes 
(see [FaMargI ). One has: 

{[Fn . . . [F;]f'+' = [F^] = {[Fi,] . . . 

which implies that 

(Fi o . . . o Fgfa+2 = = (^_^ o . . . o 

According to Proposition 4.2, the complement Uj of Aj is a two punctured surface of genus 
g — 1 if j 7^ and the union of two one punctured surfaces of genus g/2 if j = 0. We will denote 
by = {Uj, {Kf)i^j.^ the canonical invariant essential cellular decomposition of Fj, restricted 
to Uj. The fact that Fq commutes with Fj implies that Aj is invariant by Fq and that Fq acts 
naturally on . For similar reasons, / fixes Aq, permutes the two connected components of Uq 
and the decompositions induced by T^^ on each component. 

The following result will be very useful: 

Lemma 4.3 : There exists a fundamental system of neighborhoods of Aq made of open annuli 
A, satisfying: 

- A is invariant by Fq ; 

the complement of A in M is -saturated; 

the complement of Aq in A is the union of two open annuli that are -saturated. 

Proof. Let A' be an open annulus containing Aq. The saturation 'D^{M\A') is the union of two 
disjoint connected closed sets invariant by Fq. One deduces that the connected component A of 
the complement of 'D^{M\A') that contains is an open annulus that is invariant par Fq and 
that A \ Aq is the union of two P'^-saturated open annuli. □ 

Rotation number, definition of Xq^q 
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We will use the notion of rotation number in the proof of Theorem 4.1, in fact a stronger 
notion that the classical one. Consider the annulus A = x R, and denote by 

n : R2 A 

{x,y) H-). {x + Z,y) 

the universal covering projection, 

r : r2 ^ r2 
{x,y) ^ {x + l,y) 

the generating deck transformation, and 

Pi : R^ ^ R 

(x, y) ^x 

the first projection. If F is a homeomorphism of A isotopic to the identity and / a lift of F to 
R^, we will say that z e A has a rotation number pf{z) G R if 

i) the positive orbit of z is relatively compact; 

ii) the sequence of general term 

Pi{r{z))-pi{z)-npf{z) 

is bounded if z € n~^({z}. 

Observe that the previous sequence does not depend on the choice of the point z € n^^({z}, 
that the existence of Pf{z) does not depend on the choice of the lift / and that another choice 
/' will give a rotation number pf'{z) such that pfi{z) — pf{z)eZ. Let H he a homeomorphism 
of A that induces the identity on the first homology group Hi{A, Z) and h a lift of H to R^. A 
consequence of i) is the fact that the rotation number pi^afai^-i{h{z)) exists if it is the case for 
pf{z) and that Phofoh-^i^i^)) — Pfi^)- Consequently, one can define rotation numbers in the 
case of an abstract open annulus A (which means a surface homeomorphic to A) as soon as we 
fix a generator [7] of Hi{A, Z): if i*" is a homeomorphism of A isotopic to the identity and / a 
lift of F to the universal covering space A of A, we will say that z & A has a rotation number p 
if H{z) has a rotation number p, for the lift ho f o oi H o F o H~^, where H : A ^ Ais 
any homeomorphism whose action in homology sends 7 on the generator of i?i(A, Z) naturally 
defined by r and h : ^ — >■ R^ any lift of H. 

The technical result below will be useful: 

Lemma 4.4 : Let A he an abstract open annulus, F a homeomorphism of A isotopic to the 
identity and f a lift of F to the universal covering space A of A. Let (7r)rei? be a finite family 
of simple arcs joining the two ends of A and K C A a compact set. Let X G A be a connected 
subset such that: 

i) for every n>0, one has F"'{X) C K; 

ii) for every n >0, there exists rn € R such that F'^{X) n 7r„ = 0; 

iii) there exists a point zq E X that has a rotation number. 

Then, every point z € X has a rotation number and Pf{z) = pf{zo). Moreover, if X is invariant 
by F, then Pf{zo) is an integer. 
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Proof. Of course, one can suppose than ^ = A. According to i), the positive orbit of every point 
z X is relatively compact: the first condition about existence of rotation number is satisfied. 
Let us prove the second one. Observe that for every r € R, the decomposition of n^^(A \ ^r) in 
connected components may be written 

n-^(A\7.)= U^'' 

fcGZ 

where = r*^(VF^), and that 11 induces a homeomorphism between and A \ ■jr- 

The set K being compact, every set fl Il'~^{K) is relatively compact in R^. This implies 
that there exists C > such that for every r e R, for every k e Z, for every z, z' G W/^nn~^(K), 
one has 

-C<pi(z)-pi(z') <C- 
By hypothesis, X is connected and does not meet 7^0, so one has 

n-i(x) = □ x^ 

fcGZ 

where X^ C W^^. One knows that X^ = r'^^X*^), for every /c G Z, and that 11 induces a 
homeomorphism between X^ and X. By hypothesis, F^{X) does not meet 7^^, so there exists 
K^Z such that r{^^) C W/;". 

Fix z ^ X and denote by z and zq the lifts of z and Zq that belong to X^ respectively. By 
hypothesis, we know that there exists C" > such that for every n > 0, one has 

-C' <pi(r(Jo)) -pi(?o) -np/(zo) < C", 

and that 

-c<pi(r(^))-pi(r(^o)<c. 

We deduce that for every n > 0, one has 

-C" - 2C < ^?i(r (z)) - - np/(zo) < C" + 2C. 

Thus, 2; has a rotation number and Pf{z) = Pf{zo). 

Suppose moreover than X is invariant by F. The sequence {rn)n>o may be chosen to be 
constant equal to tq. In this case, the image of Xq by / is a translated Xk- One deduces that 
/"■(Xo) = Xnk = '''"'''{Xq), for every n>0. The estimations above imply that every point z e X 
has a rotation number equal to k. □ 

Let A be an annulus given by Lemma 4.3. Observe than every orbit of Fo\a is relatively 
compact in A. By fixing an orientation of /Sq, one gets a natural orientation of every essential 
simple closed curve of A, that means a generator of Hi(A,Z). One can say that one of the 
connected component of ^ \ ^0 is "on the right" of ^0 and the other one "on the left" . Let / be 
a lift of Fq\a to the universal covering space A. The homeomorphism Fq being isotopic to the 
Dehn twist Fq, there exists an integer k such that every point in the right connected component 
of ^ \ .4o has a rotation number equal to k while every point in the left connected component 
has a rotation number equal to k + 1. We will say that z e Aq has a rotation number p{z) G R, 
if the rotation number of z for / exists and is equal to A; + p{z). Of course, the existence and 
the value of p{z) depends neither on the choice of /, nor on the choice of A. The existence of 
p{z) does not depend on the choice of the orientation of Pq but the other choice will permute 
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p{z) in 1 — p{z). In particular, the set Xq q of points z £ Aq whose rotation number is 1/2, is 
independent of the choice of the orientation. 



Properties of ^0,0 

Lemma 4.5 : The set <%o,o is non empty. 

Proof. The involution /* preserves the orientation and lets invariant /3o. This implies that its 
restriction to /3o reverses the orientation, that /* has two fixed points and that these fixed points 
belong to /3o- Consequently, by Proposition 1.6, the involution / being isotopic to /* has exactly 
two fixed points. These points belong to ^0 because / permutes the two components of Uq. 
The homeomorphism Fq, commuting with /, lets invariant the fixed point set of /. So, either Fq 
fixes the two fixed points, or it permutes them. In each case a fixed point of / has a rotation 
number. In the first case, it will be an integer; in the second case, the two fixed points of / 
have the same rotation number (for a given orientation of /3o). The fact that /* reverses the 
orientation of /3o implies that / also "reverses" this orientation. As / commutes with Fq, one 
deduces that if z € Aq has a rotation number p{z), then I{z) also has a rotation number and 
one has p{I{z)) = 1 — p{z). In the case where z is a fixed point of /, one gets p{z) = 1/2. 
Consequently, the fixed points of / cannnot be fixed by Fq, they are permuted by Fq and belong 
to Xq^q. □ 

Lemma 4.6 : For every j G {—g, . . . ,g} \ {0}, one has ^0,0 C Uj. 

Proof. Fix j € {—g, . . . ,g} \ {0}. The set Aj being annular does not contain connected com- 
ponents of Uq, which implies that there exists a simple arc 7 in Uj whose ends are in different 
connected components of Uq. Let us begin by choosing an annulus A, according to Lemma 4.3, 
that does not contain the ends of 7. This implies that there is a sub-arc 7' of 7 that joins the 
two ends of A. Now let us choose another annulus A' given by Lemma 4.3, that is included in A 
and relatively compact in A. Suppose that Aj n Xq^ ^ and fix z G Aj n <Yo,o- The set Aj being 
connected and not contained in Aq, the connected component X of Aj D A' that contains z is 
not included in ^0 (see for example Hocking- Young |HoYou] . Theorem 2-16). Each set Fq{X), 
n > 0, is included in the compact set A' and is disjoint from 7' because included in ^o- One 
can apply Lemma 4.4. If / is a lift of -FqU the universal covering space of A, there exists 
k such that every point in X has a rotation number equal to A; + 1/2. But this set contains 
points of A\Aq and those points have a rotation number equal to k or k + 1. We have found a 
contradiction. □ 

Lemme 4.7 : If X C Xq^q is closed and invariant by Fq, then for every j G {—g, . . . ,g}\ {0}, 
the set T>^ {X) is closed, invariant by Fq and included in Xq^q 

Proof. Suppose that X C -^0,0 is closed and invariant by Fq. Fix j G {—g, . . . ,g} \ {0}. For 
every z (z X, the set T>^{z) is cellular, so there exists a simple arc 7^ in M whose ends are in 
distinct connected components of Uq, such that 7^ nX'-'(z) = 0. The decomposition being upper 
semi-continuous, there exists a neighborhood Oz C Uj of z such that for every z' G O^, one has 
72 n T>^{z') = 0. The set X being compact, it can be covered by finitely many Oz- Therefore, 
there exists a finite family {'^r)r&R of arcs of M whose ends are in different components of Uq, 
and such that for every z £ X, there exists r & R with 7^ D F)^{z) = 0. 

Like in Lemma 4.5, we begin by choosing an open annulus A, given by Lemma 4.3, such 
that for every r £ R, there exists a sub-arc 7^ of 7^ that joins the two ends of A. We choose a 
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second open annulus A' given by Lemma 4.3, contained in A and relatively compact in A. Let 
us begin by proving that for every z E X, one has T>^ {z) C ^o- If this is not the case, there 
exists a connected subset Y C T^-'{z) Ci A' that contains z and that is not included in Aq. For 
every n > 0, one has F^{Y) C V^{F^{z)). So, there exists r e R such that n 7^ = 0. 

Applying Lemma 4.4, we will find a contradiction like in Lemma 4.4: if / is a lift of -FqU to 
the universal covering space A, there exists k such that every point in X has a rotation number 
equal to k + 1/2, which is untrue because X contains points of ^ \ ^0 and such points have a 
rotation number equal to A; or A; + L After having proven that T>^{z) C the same arguments 
permit us, applying again Lemma 4.4, to prove finally that "D^iz) C Xq^. To conclude it remains 
to say that T>^ (X) is closed because the decomposition is upper semi-continuous, and invariant 
by Fq because X is invariant by Fq and Fq acts on . □ 

Let us end with this last result. 

Lemma 4.8 : Every closed and connected set X c Xq^ invariant by Fq separates the two 
connected components of Uq . 

Proof. If X C XQfi is a closed and connected set invariant by Fq that does not separate the two 
connected components of Uq, one can find a simple arc 7 in M disjoint from X whose ends are 
in distinct connected components of Uq. Using Lemma 4.3, one chooses an annulus A that does 
not contain the ends of 7 and then a sub-arc 7' of 7 that joins the two ends of A. If / is a lift 
of Fo\a to the universal covering space A, one knows by Lemma 4.4 that every point z € X has 
a rotation number in Z, which contradicts the hypothesis X C Xq^. □ 

Definition of X^o 

Let us consider the alphabet H = {—g, . . . ,g} \ {0} and a word j = {jk)k>o £ in which 
every letter appears infinitely many often. By Lemma 4.7, one can define a non decreasing 
sequence {Xk)k>o of Fo-invariant closed sets included in Xq^ by the following induction relation 

Xo = Fix(/), Xk+i = P^H^fc) if > 0. 

The sequence {Xk)k>o converges for the Hausdorff topology to Xoo = Ufc>o^fc (note that 
{Jk>o-^k is independant of the word j because every letter appears infinitely many often). The 
fact that every letter j € H appears infinitely many often tells us that there exists a sub-sequence 
(X/jJ;>o of P-' -saturated sets, which of course are invariant by Fj. One deduces that is in- 
variant by Fj for every j G {—g, ■■■ ,g} (but not necessarily P-' -saturated). Using the relation 

(Fi o . . . o F,)25+2 = = (^_^ o . . . o F_,)23+2, 

and the fact that Fq permutes the two points of Xq, one deduces that there exists fc* > such 
that Xk has two connected components if k < k^ and is connected if A: > A*. To ensure the 
connectedness of Xk, one must wait until every letter j > has appeared at least 2^-1-2 times 
at time k. By Lemma 4.8, one knows that X^ separates the two connected components of Uq, if 
k ^ ki^i . 

Prime end theory 
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Now we fix a connected component V of Uq. Write Vfc, A:,,, < A; < oo, for the connected 
component of M\Xk that contains V. Like V, all these sets are one punctured surfaces of genus 
g/2. The complement of each set V^, k^, <k < oo, is not reduced to a point. This implies that 
there is a natural compactification of Vk obtained by adding the circle of prime ends (for details, 
see Mather [Math] ). We will recall here some of the properties of the prime end theory that we 
will use in the proof. Let C M be a one punctured surface of genus g/2 containing V and 
G an orientation preserving homeomorphism of M which lets W invariant. Let us call access 
arc every arc 7 : [0, 1[— > that has a limit z € Fr(VF) at t = 1 and say in that case that z 
is accessible. There exists a natural compactification of W obtained by adding a circle S"^, that 
satisfies the following: 

i) every access arc 7 : [0, has a limit C € 5"^ at t = 1 if considered in the compactifi- 
cation WUS^; 

ii) two access arcs endind up at two different points of Fr(l^) end up at two differents points 



iii) the set of accessible points is dense in Pr(T^); 

iv) the sets of points of that are limit of access arcs is dense in S^; 

v) the homeomorphism G\w can be extended to a homeomorphism G\v/ oiWlAS^. 

The condition v) permits us to define the prime end rotation number Ppc{G\w) £ which 
is the rotation number of the homeomorphism induced on the circle of prime ends. 

We will prove the following: 

Lemma 4.9 : For every k > k^, one has /jpc(Fo|y^) = 1/2 + Z and Ppc{Fj^\v^^) = + Z. 

Proof. The proof of the equality ppf,{Fj^\v^) = O+Z is very simple. Indeed, is a -saturated 
compact subset of Uj^,. So, its has a fundamenal system of 2?-''= -saturated neighborhoods. In 
particular, every neighborhood of S"^ in 14 U contains an element of V^'' and so contains a 
fixed point of Fj^, by Cartwright-Littlewood Fixed Point Theorem. This proves that the extension 
of Fj^ to Vfc U has a fixed point on and consequently that ppe{Fji^ |vj.) = + Z. Of course, 
the previous argument is not valid to prove that ppe{Fo\v,.) = 1/2 + Z. However, a recent 
result of S. Matsumoto permits to conclude (see [Mats] ) . This result, formulated in a more 
general framework, asserts that ppe (Fq | y^, ) is the rotation number of a Borel invariant probability 
measure supported on Xf., which in our case will necessarily be 1/2 -|- Z. More precisely, let us 
choose an annulus A, given by Lemma 4.3, orient the curve /3q in such a way that V is on the 
right of 7o then consider the lift /q of -FqU universal covering space A, such that all the 

points in the right complement y n yl of ^ \ Aq have a rotation number equal to 0. In this case, 
the rotation number of every point of X^ is equal to 1/2. The restriction /oUnVfe has a natural 
extension to the universal lift of {A n V^) U and determines a lift of -FbUnv^- It induces on 
the boundary line a real rotation number /Opc(/oUnVfc) such that ppc{FQ\vf.) = Ppc{fo\AnVk) + 
Choose a homeomorphism H : A A whose action in homology sends /3o on the generator of 
i/i(A,Z) naturally defined by T and h : A ^ R-^ a lift of H. Matsumoto's Theorem asserts 
that there is a Borel probability measure p supported on H{Xk) such that 



However, the Birkhoff means of the function pioho f^oh ^ —pi converge to 1 /2 on H{Xk) because 
every point of X^ has a rotation number equal to 1/2. This implies that Ppe(/oUnVfe) = 1/2- □ 



of 51 ; 
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Lemma 4.10 : One has Ppe(-^o|Vcx>) — 1/2 + Z and for every j G {—g . . . ,g} \ {0}, one has 

pAFj\vJ = o + z. 

Proof. We will prove the first equality. The second one can be proven similarly with a slight 
difference due to the fact that one cannot suppose the existence of a fundamental system of Fj- 
invariant neighborhoods of Aq. This lemma follows from classical results about the continuity 
of prime end rotation numbers (for details see We keep the notations of the previous lemma 
and we denote by (p[k], K < k < oo, the homeomorphism of the boundary line defined by the 
natural extension of /oUnVfe- Matsumoto's Theorem asserts that the real rotation number of (^[^j 
is equal to 1/2 if < oo and we want to prove the same equality for ip[oo]- Suppose that this is 
not the case, for example suppose that it is larger. In this case, there exists N > 1 such that for 
every C ^ R-i one has 

(¥^[oo])'^(C)>C + iV + 2. 

Fix an access arc 70 : [0, 1[^ AnVoo ending up at zq G X^o- One constructs easily another access 
arc 7i : [0, 1[^ AnVoo ending up at zi G X^o such that Fq{zi) 7^ zq, for every n G {0, . . . , 2A^}, 
because one can avoid a finite set. Taking a sub-arc of 71 if necessary, one can suppose that 
Fq*(7i) n 7o = 0, for every n G {0, . . . ,2N}. We can say more: there exists an open disk Dq 
containing zq and an open disk Di containing zi such that -Fo*(7i U Di) (1 (70 U Dq) = 0, for 
every n G {0, . . . , 2A^}. Choose a lift 70 of 70. There exists a unique lift 71 of 71 to the universal 
covering space of ^ fl Voo whose limit Ci in R satisfies 

Co - 1< Ci < Co- 
One has 

Co + A^ + K (95[oo])''^(Ci)- 

If k is large enough, the set meets the two disks Dq et Di. One can extend the arcs 70 
and 7i in Dq and Di respectively, to construct access arcs 7q and 7^ of Xk- If we denote by % 
and 7J the respective lifts of 79 and 7^ that contain 70 and 71 and if we denote by Co ^ R and 
Ci G R the limits in R, one must have 

ci + iv + i<Co + A^ + i< {m)'''(^i)^ 

which contradicts the fact that the rotation number of ip^^ is 1/2. □ 
The contradiction 

Proof of Theorem 4-1 It remains to prove that Lemma 4.10 contradicts our algebraic hypothesis. 
For every j G {—g- .. ,g}\ {0}, denote by $j the homeomorphism of naturally defined by 
the restriction of Fj\v^ to S^. The family {^j)-g<^j<g inherits all the algebraic relations of the 
family {Fj)^g<_j<_g. In particular: 

- $0 commutes with <^j; 

- <I>j and commute if \j — j'\ > 1; 

- we have 

(«>1 o . . . o $g)29+2 = $0 = o . . . o $_g)29+2. 

By Lemma 4.10, we know that each <I>j, j ^ 0, has a fixed point but that <I>o has none. The 
previous equality tells us that the <I>j, j > 0, have no common fixed point and that this is the 
same for the <I>j/, j' < 0. Therefore there exists jo G {1, . . . ,g — 1} such that : 
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- the ^j, 1 < j < jo, have a common fixed point, 

- the 1 < j < io + 1) have no common fixed point 

The sets ni<j<j(,Fix($j) and Fix($jo_|_i) are disjoint non empty closed subsets of S^. This 
imphes that they are finitely many connected components of \ ni<j<j,)Fix($j) that meet 
Fix($jg_|_i). Denote by Is, s G 5", the open intervals of that we have obtained. We know that 
the j' < 0, commute with the j > 0. So, the sets ni<j<joFix($j) et Fix($jQ+i) are 
invariant by each j' < 0. So, each j' < 0, permutes the connected components of Ig, 
s S. But the rotation number of <I>j/ being equal to 0, every <I>j/, j' < 0, fixes all the Ig, s £ S, 
and so fixes their ends. Consequently, the ^j', j' < 0, have a common fixed point. We have found 
our contradiction. □ 

Remark: Observe that the proof above can be extended obviously to the more general situation 
examined in Proposition E. 



The odd case 

The proof is very similar in the case where the genus is odd. We consider two disjoint simple 
closed curves /3o_ and /3o+ whose union separates M in a pair of two punctured surfaces of genus 
{g—l)/2, an involution /* € Homeo+(M) that fixes (3o- and /3o+ and permutes the two connected 
components of M\ (/3o- U^o+) and an involution J* G Homeo+(M) that commutes with I* and 
permutes /3o- and /3o+- Here again, in one of the connected component of M \ (^o- U Po+), we 
construct a sequence of simple closed curves {Pj)i<j<g satisfying: 

- f3j and /3j/ are invariant by J*; 

- if \j ~ j'\ > Ij then /3j and /3j' are disjoint; 

- if \j — j'\ = 1, then /3j and 13 j' have a unique point of intersection and intersect transversely. 
We define a sequence {Pj)-g<j<-i in the other component of M \ (^o- U /3o+) by setting 

Here again we choose for every j G {—g, 0—, 0+, 1. . . ,g}, a closed annulus Aj con- 

taining Pj. We suppose that the annulus are disjoint except Aj and Aj, if \j — f\ < 1- For 
every j G {—g, ■ ■ ■ , — 1, 0— , 0+, 1 . . . ,g}, we consider a Dehn twist Fj supported on Aj and set 
Fj = £{[F*]). We define / = £"(/*) and J = £{J*), and we know that / and J are two commuting 
involutions. We know that Fq- and Fo+ are conjugate by J and commute, that they commute 
with every Fj, j G {—g, ■ ■ ■ , —1, l,...,g}, and also with I. We know that Fj and Fj' commute if 
\j — j'\ > 1, that Fj commutes with J and is conjugate to F-j by /. The algebraic relation that 
should be true and that will give us a contradiction can be written 

(Fi o . . . o Fgy+^ = Fo- o Fo+ = o . . . o F^gy+\ 

Like in the even case, we know that for every j G {—g, . . . , —1,1, . . . , g}, the domain of the 
canonical invariant essential cellular decomposition of Fj has a connected component Ui which is 
a two punctured surface of genus g —1 and whose complement is an annular set Aj , intersection 
of a nested sequence of closed annuli homotopic to Aj. We denote by the decomposition 
restricted to Uj. We have a similar situation for Fo_ and Fo+ and can define C/q-, Uq^, Aq-, 
Ao+, V^" and We can be more precise. The closure Q of the complement of Aq_ U .4o_|_ 
has two connected components that are compact two punctured surfaces of genus {g — l)/2. Let 
us consider the group generated by Fq- and -Fo+- By the remark stated at the end of Section 3, 
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one can make prove, like it is done in Proposition 4.2, that the domain of the invariant canonical 
essential cellular decomposition of this group contains a surface with boundary isotopic to Q. 
This domain is included both in Uq- and C/o+. One deduces that the sets ^o- and are 
disjoint and that Uq = Uq- fl Uo+ has two connected components which are two punctured 
surfaces of genus {g — l)/2. Note that / lets invariant ^o- and and permutes the two 
connected components of Uq and that J permutes Aq- and and lets invariant the two 

connected components of Uq. Let us recall what has been done in the even case. 

i) Lemma 4.3 is still valid. It can be applied to Aq^ and Fo_, and also to Ao+ and Fo+. In 
particular, one can define a set Afo,o- C ,4o- and a set P^o,o+ ^ -^o+ as it was done in the even 
genus case. 

ii) The sets Afo,o- and Afo,o+ are non empty and permuted by J. The last point can be deduced 
from the fact that J conjugates _Fo_ to -Fo+- To show the first point, observe that Fix(/), like 
Fix(/*), contains four elements and is included in ^o- U Ao+. The set Fix(I) is invariant by J 
because / and J commute. Prom the fact that J permutes Aq- and Ao+, one deduces that there 
are two points of Pix(/) in .4o- and two points in v4o+. One can conclude like in the even genus 
case. 

iii) Prom the proof of Lemma 4.6, one deduces that for every j G {—g, ■ ■ ■ , —1, 1, • • • ,g}, one 

has <^ofl- U Ao,o+ C Uj, and also that Ao,o- C C/o+ and Ao,o+ C Uq^. 

iv) Prom the proof of Lemma 4.7, one deduces that for every closed set X C <Yo,o- invariant 
by Fq- and for every j G {—g, ■ ■ ■ , —1, 0+, 1, . . . g}, one has (X) C A:b,o-- One has a similar 
result changing Ao,o- and Fq- by Ao,o+ and Fq^. 

v) The arguments given in the proof of Lemma 4.8 and the fact that J conjugates Fo_ to i^o+ 
tell us that if X C Afo,o- is a closed connected set invariant by Fo_, then X U J{X) separates 
the two connected components of Uq. 

vi) Let us consider the alphabet H~ = {—g, ■ ■ ■ , —1,0+, 1,. . . g} and a word j = {jk)k>o ^ 

in which every letter appears infinitely many often. One can define a non decreasing 
sequence (^fc)fc>o of closed sets invariant by Fo_ and included in Aq.o-) by the induction formula 

Xq = Pix(/) n Ao-, Xk+i = v^'iXk) if > 0. 

The sequence {Xk)k>o converges for the Hausdorff topology to X^o = Ufc>o^fc- The set Xoo is 
invariant by Fj for every j G {—g, ■ ■ ■ , —1, 0— , 0+, 1, . . . g}. Moreover, there exists /c* > such 
that Xk has two connected components if fc < A:* and is connected if > fc*. We know that 
Xk U J{Xk) separates the two connected components of Uq, as soon as A; > A;* and that it is the 
same for X^o U J{Xoo)- 

vii) We fix a connected component V of Uq and for every k > K,we write Vk for the connected 
component of A{[\Xk U J{Xk) that contains V . It is a two punctured surface of genus {g — l)/2. 
The "frontier" of one of its ends is included in Aq-. We consider its prime end compactification. 
We can define the corresponding rotation number Ppe(-fb-lyfc) and prove like in Lemma 4.9, that 
it is equal to 1/2 + Z. Similarly we define the rotation number p^ei^jkWk) and prove that it is 
equal to + Z. Similarly, the connected component of M \ Xqo U J{Xoo) that contains y is a 
two punctured surface of genus {g — l)/2 and one of its ends has a frontier included in Aq-. 
We define the rotation number Ppe(-^o-lyoo) ^nd prove like in Lemma 4.10, that it is equal to 
1/2 + Z. If J G {— S', . . . , —1, 0+, 1, ... 5} we can define the rotation number p^ei'^jWS) show 
that it is equal to + Z. We write j G {—g . . . , —1, 0—, 0+, 1, . . . 5}, for the homeomorphism 
defined on the circle of prime ends. 
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viii) From the fact that i<b_ and Fq-i- commute, we deduce that ^o- ^-nd $0+ commute. One 
deduces that the rotation number of 'I'o- o ^0+ is the sum of the rotation number of <^o- ^md 
$0+) that means 1/2 + Z. Therefore, $0- ° ^0+ has no fixed point. As we know that <I>o- and 
<^o+ commute with all the j G {—g . . . , —1, 1, . . . g}, that every ^j, j € {—g . . . , —1, 1, . . . g}, 
has fixed points, that and commute if \j — j'\ > 1 and that 

($1 o . . . o ^>g)5+i = $0- o ^0+ = (^-1 ° ■■■<=■ '^-gY^^ 

here again, we can find a contradiction. 
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